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1. INTRODUCTION

Let S be a nonsingular rational surface

and D a nonsingular curve on S. (5, D) are called pairs and we
study such pairs.

The purpose of Cremonian geometry is the study of birational prop-
erties of pairs (S, D).

Suppose that m > a > 1.
Then P, 4| D] = dim |[mK g+aD|+1 are called mixed plurigenera,

which depend on S and D.



Letting Z stand for K¢ + D, we see
Pm.m| D] = dim |mZ|+1, called logarithmic plurigenera of S— D,
from which logarithmic Kodaira dimension is introduced, denoted by

k|D].

( Note:In a comic book Golgo 13, Kodaira dimension is mentioned. )



Assume that x|D] = 2 and that there exist no (—1) curves E such
that £ - D < 1.

Such pairs are proved to be minimal models in the birational geom-
etry of pairs.

Moreover, if S # P2 then there exists a surjective morphism pr :
S — Pl whose general fibers are P1. The least mapping degree of
pr|p : D — P for all such pris denoted by o.



By definition, P 1|D] = g, which is the genus of D, and g is defined
to be g — 1.
If 0 >4 then D+ 2Kg is nef and big;

Furthermore, P 1|D] = 72 _G+1=A+1, where
A=2" -7

If 0 > 6 then |D 4+ 3Kg| # 0 and

Py [D]=3Z°4+1—-Tg+D*=3A—a+1=0Q—w+1
where
@:4§—D2,
()= (3Z—2D)-Z =32°—47g and
w:3§—D2.



2. PRELIMINARIES

Any nontrivial P1— bundle over P! has a section Aso with negative
self intersection number, denoted by a symbol X g,

where —B = Ax? if B > 0.
2. g 1s said to be a Hirzebruch surface of degree B after Kodaira.

Let C' be an irreducible curve on X p.
Then C' ~ 0 Ay + eFy, for some o and e.



By vi, 19, - -, vy we denote the multiplicities of all singular points

including infinitely near singular points) of C' where vy > v > -+ >
g y g
V.
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The symbol [o*xe, B; vy, v, -+, vp] is said to be the type of (X g, C).



Definition 1. The pair (X g, C) is said to be # minimal, if
o0 > 2viand e — o > Buy;
e moreover, if B =1 and r = 0 then assume e — o > 1.

2.1. # minimal pair.

Theorem 1. If D is not transformed into a line on P2 by Cre-
mona transformations, then x| D] > 0.

The minimal pair (S, D) is obtained from a # minimal pair
(EBv C)

by shortest resolution of singularities of C' using blowing ups

except for (S, D) = (P?%,Cy), Cy being a nonsingular curve.



Hereafter, suppose that C' # Ax. Thus C'- Ao = e — B -0 > 0
and hence, e > Bo.

Introduce invariants p, u by ¢ = 2v1+p, p > 0 and by the following:
(1) B=0. Then e = 0 + u for some u > 0.
(2) B=1. Then e = 0 4+ v; 4+ u for some u > 0.
(3) B > 2. Then e = Bo + u for some u > 0.

Note :
Given e > 0, there are a finite number of types:



| it W F ¢ | D otttk Y SRR m oy, Tl ekl ? Mttt e L P TN - WL

Graph c_i_f (x=a:_:z>l andji y=e>ﬁ):i

|‘:|"| 1 1 1
O e e
!
1 | b
......
il ! : |
! I \
P I - e i ok o L o D i oty . | Ca b ier b o e,
i|| ] i @
.

FiGure 1



22. X and Y.

Proposition 1. If B < 2, then letting k denote wp + 2u, w being
4 —01p, we have

.X:Z;T:ly]z:8V12—|—2kV1-|-l~€-|-wl—2§,
OY:Z§:1Vj28V1+k+w1.
Here/%:kp—sz,wl:w—gzKS-D.

[f o >6 theno < (w+1)(w+2),0 <wf+w +27+2.
Here, wvj=w—-9g=D - Kg.



(1) o< A+ 34+ 27 +4,
(2) o< (A+2)(A+3).

A = Z? — G and an invariant Ay is defined to be A — G, which
satisfies

207 -D)-Z D-Z
Alz( 2) - —~=7Ks.




Introdgce invariants 75 and Y by v; =v; — 1 and Y = Z;':l ;.
Then ¥ =Y —r and

Y =81+ k+ A
The invariant X by

.
X=) 7"=X-2Y+r,
j=1

which satisfies that

X = 8up? + 2k + k — Ay — 27.



Proposition 2. If B < 2, then we have
.)_czzgzly—ﬁ = QU2 4+ 2kTT+ k — A] — 23
oY — Z}leu—j:8ﬂ+k+A1.

Defining an invariant Z* to be 77Y — X, we obtain
v1—1
Z¥= (=) — ;.
1=2
Note:

Z* = (v —2)x1 + 2(vy — 39 + 3(1) — 4d)az+ . ..

where x) =to + 1y, 1,29 =13+ 1y, 2,03 =14 +1,,_3,



TABLE 1. Yll and Yang

) D2,@:4§—D2,w:3§—D2,w1:w—

g
9

e
Yang (B5)| 2%, A=2°—3,Q=32°—4g,A] = A —
§1)| genus , 0, Q = (2Z — D), K%

raeee 2. 11IKe elementary particles

Ist generation

da”la”?a”’ 7VT70-7€7B

g =genus,

Jrd generation

o, w,ap,wi, A, € A,
Py 1|D), P31\ D], Ppa|D],



If B <2, then define 5 to be 1 + &

[Main Result] (quadratic estimates)

Theorem 2. Assume o > 7: If B < 2, then
(1)e <epglw+1)(w+2),
(2)e<epla+2)(a+3),
(3)e < gB(A + 2)(A + 3),
(4) e < epg(w? +wy + 27+ 2),
(5)e g (A2 +3A1+27+4).

Given w, A, a, e is bounded.

Then there are a finite number of types:



I[fe=ep(w+1)(w+ 2) then
(1) e =oep,
2)g=0,0=(w+1)(w+2),w—1=a=A.

If B> 3, then

o c < 3a,

o e < 3w,

o c < 3A, except for 9 exceptional cases .



If B> 3, then
o0 < 3w,
o 0 < 3a.

If B <2, then

o0 < (w+1)(w+2),

o0 < (a+2)(a+3) (By Matsuda),
o0 <w?+w +27+2,

o0 < (A+2)(A+3),

o0 < A2+ 925+ 3A1 + 4,

e 00 < 02+ 90 + 187 + 36,

oo < (Q+5)9(Q+8).




