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1 main result

Our purpose is to prove the next inequalities:

o< (A+2)(A+3),

and
o< A2 +3A1 427+ 4.
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Here an invariant A; is defined to be A — g, which satisfies

A =

where Z = D + Kg. By

hence, A; —wy = Kg =

(2Z2-D)-Z D-Z
2 2

:Z'KS7
the way,
wi=w-9g=D-Kg;

8 —r.

The next ineuqalities are quadratic estimates of e interms of A and A;.

Theorem 1. If 0 > 4, then

e < SB(A12 + 341 +2g+4),

where eg =1+ g.

Moreover,

Theorem 2. If 0 > 4, then

Moreover, under the assumption o > 7, it follows that

Theorem 3.

e<ep(A+2)(A+3).

SRS TLES)

where an invariant  is defined to be (3D + Kg) - Z.

Further,

Theorem 4.

Q2 B
e §63(7+Q1+2g+4),

(3)

(6)

where an invariant 1 is defined to be & — 2g, which turns out to be 3A;.

2 fundamental

equalities

If B < 2 then we have the fundamental equalities:

o X =807 +2kv +k+w — 27,

o Y =8+ k+ wy,
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from which, we get
Y=8u+ktw =8n+k+A+r-8=87+k+7r+Am,

where 77 = 11 — 1. Thus introduce invariants 7; and Y by 7; = v; — 1 and
Y = Z;Zl— 7}, respectively.
Then Y =Y — r and

Y =8v1+k+ A

Moreover, introduce an invariant X by
T
X=)7°=X-2Y+r,
=1

which satisfies that
X =82+ 2kvr+ k — A — 27.

However, if B > 2, we have fundamental equalities :

L] Y=320+8V_1+k+A1,
o X = Byo(o —2) + 82 + 2kt + k — Ay — 27,

where By = B — 2 for B > 2. Moreover, if B < 2, we put Bs = 0.
Defining an invariant Z* to be 77Y — X, we obtain

vi—1
Zr =3 (- -
J=2
Note:
ZF = (1/1 — 2).’E1 + 2(1/1 — 3).’E2 + 3(1/1 — 4).’E3 +...,

where x1 =t + 1, 1,020 =t3 + 1), —2, 23 = L4 + 1y, —3,.
Moreover, by

0< 2% =Boo(2+ 77— 0) — 77k — k4 11 A; + 27.

we get ~
320(0—2—1/_1) < —-mk—-k+uviA +2g.
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Proposition 1. If B > 3, then
U(O—2—V_1)§V1A1+2§—I/_1k—]~€. (7)
Introducing an invariant A* by \* = k — A, we obtain

0< Z*=Byo(2+T1—0) = N1+ A1 + 25— k. (8)

Hence, N
Byo(-2—-11+0)+ X1 < A +29 — k. (9)

Proposition 2. If B < 2, then

NTT < Ay + 29 — k. (10)

2.1 Hartshorne’s Lemma
Lemma 1 (Hartshorne). Suppose that (S, D) is minimal.
(1) If B=0 or 2 then
oA| +4g=07Z% - 2(0 —2) = (2D + 0Ks) - Z > 2u(o — 2).
(2) If B =1 then 2e — 30 = 2u — p and either 1) 2e — 30

30 —2e > 0. In the first case, c Ay +4g > (2u — p)(o — 2)
the second case,

0 or 2)

>
>0 and n

eA1 +6g=3BD+eKs)-Z=>(p—2u)(u+r1—1)>0.

(8) If B > 2 then Ay +4g > 2u(o — 2) + o(0 — 2)(B — 2).
(4) If B > 3 then 0 Ay + 49 > 2u(o — 2) + o(o — 2); in particular,
oAl +4g=02% - 2(0 — 2)g > 2u(o — 2) + o(0 — 2).

Proof.
From 0 K¢+ 2C ~ (2e—0(B+2))F, and Ko+ C ~ (06 —2)Ax(e—0o(B+
2))F,, it follows that

(cKo+2C)- (Ko + C)=(2e—0(B+2))(c —2)
=(e+e—0oB —20)(0c—2)
=Q2u+ (B —2)o)(o —2)
=2u(oc —2) + (B — 2)o(0 — 2).
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If B =0 then
et+e—20=2e—0)=2u>0.

If B > 2 then
et+e—o0B —-20>2u+o(B—-2)>2u>0.
However, if B =1 then
et+e—oB —20=2e—30=2u—np.

Thus,

(0Ks+2D)-Z =(0cKo+2C)- (Ko +C) + Zl(a —2v5)(vj — 1)
j=1
= (0Ko+20) - (Ko +C)+pY +22*
= (2u—p)(o —2) +pY +22*
> (2u—p)(o —2) 20,

except for the case when B =1 and 2e¢ — 30 = 2u — p < 0.
Moreover, when B =1 and 2¢ — 30 = 2u — p < 0, we obtain

(eKs +3D)-Z = (eKo+3C) - (Ko + C) + Zl(e —3v;)(v; — 1)
j=1

(p—2u)(u+uvi—1)+ (p+u)Y +32*

> (p—2u)(u+vi—1)>0.

By 1y we denote e — 0. Then 2e — 30 = 3y — e. In the last case,
(eKo+3C) - (Ko+C) = (e —3w)(rp — 1) and so

(eKs+3D)-Z = (e—3v)(v;—1). (11)
7=0

Q.E.D.

3 case in which B > 3
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Proposition 3. Ifc >4 and B > 3 , then o0 < A+ 2;
o< (A+2)(A+3). (12)

Proof.
By Lemma 1(4),
o1 > 49+ o(0 —2) + 2u(oc — 2)

?

in other words,

4q 2
A1 >0-2- 2 oy -2
o o
Hence,
4
A=A1+§Ze—2+(1—;)(u+§).
Ifg=—1 and u = 0 then
4 _ 4
A>e—-24+(1—=)(u+g)=e—3+ —.
o o

Thus, A > e — 2.
If u+9 > 0 then

—4
AZe—2+U—§Ze—2.
o

Therefore,
(A+2)(A+3)>0(c+1) >e (13)

3.1 an estimate of lower bound of A

Assuming B > 3, we shall obtain an estimate of lower bound of A.

Proposition 4. If B > 3 and v1 > 4, then A > 7. Moreover if A =7 then
the type is either [8 x 24,3;42,3,29] or [8 x 25, 3; 4'4] where § = 0,1,2.

Proof. Assume that A < 7. By the inequality (7),
21/1(1/1 — 1) <A+ 23.

From g = A — A, it follows that

21/1(1/1 - 1) § I/1A1 + 2§ == I/1A1 + 2(A - Al) == (1/1 - 2)A1 + 2A. (14)
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Therefore, by A < 7,
21/1(1/1 — 1) — (I/l - 2)A1 § 2A § 14. (15)

By v1 > 4, we get
24 — 24, <24 < 14.

Hence,
5 <A =A-9g<7-73. (16)

Thus, g < 2 and we have four cases according to the value of g.

3.1.1 case in which g =2

Assume g = 2. Then A =5and A, = Z? —2g = Z? — 4. Thus, Z°? = 9.
By Lemma 1(4), we have

cA; +4g > o(o — 2), (17)
and so i
A+ = >0 —2.
o
Since A; =5 and g = 2, it follows that

8
">0— —.
o

Hence, o < 8. However, since vy > 4, it follows that 0 = 8 = 2 - vy; thus
c=8A=7,4,=5p=0,k=0and k = 2u.
By the formula (7), we have

U=0(c—-2-77)< -1k —k+v1A +25=—6u+4-5+4 =24 — 6u.
Therefore, u = 0. Hence,

oY =0+8u+k+ A =37,

e X =0(0—2)+ 872 + 2kt +k— A —27=48+72 -5 —4=111.

Then
Z*=17Y — X =111 -111 = 0.

Hence, v1 = v, =4 and 37 = Y =3 -r, which is a contradiction.
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3.1.2 case in which g=1

Assumeg=1. Then Ay =A—-1>5and A > 6. Thus, A =6 or 7.
(1) A=6. Then A; =6 —1=25 and

4

—+5>0—2.

o

This implies
4
7T>0——.
o

But since o > 8, it follows that o — % > 7, which induces a contradiction.
(2) A=7. Then A; =6 and

4
8>0— —.
o

Hence, 0 = 8;k = 0. It is easy to see that ¥ = 38, X = 120 — 2 = 118.
Hence, Z* = 2. By Z* = 2(ty + t3), we have ty +t3 = 1. Thus t3 =1 or 0.
Moreover,

38 =Y =3ty + 2t3+to = 3t4 +t3+ 1.
Thus ¢y = 0,#3 = 1 and t4 = 12. The type becomes [8 * 24, 3; 412, 3].

3.1.3 case in which g =0

Assumeg=0. Then Ay =A>5and 7> A > 5. Thus, A =5 or 6 or 7.
However, when o = 8, we have v; = 4 and by the formula (7)

U =0(c—2-77) <114 + 27— 7k — k < 44,. (18)
Hence, A = A1 > 6.
(1) A=7. Then Ay = A =7 and
4—g+A1:720—2.
o

Hence, 0 =8 or 9.
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(i) 0 = 8. Then by the formula (7), we have
MU=0(c—-2-77)< -1k —k+114 +27=—6u+4-7=28—6u.

Thus, v = 0 and so k£ = 0; hence,

Y =848+ A4; =32+ 7=39.
Moreover,
2 =o0v1—0(0c—2)+v A +2g=24—-48+28 = 4.
Hence, by 2* = 2(ty + t3), we have ty + t3 = 2. Then
39 =Y =3ty + 25+ 1o = 3ty + 13 + 2.

Thus ty = t3 = 1 and t4 = 12. The type becomes [8 * 24, 3; 412 3, 2].

(ii) 0 = 9. Then p = 1 and by the formula (7), we have

36=0(0c—-2-77) < ik —k+uA +2§= -3k —k+28 <28

This is a contradiction.

3.1.4 case in which g= -1

Assume that g = —1. Then Ay = A+1>5and 7> A > 5. Thus, A=5
or 6 or 7.

(1) A=7. Then A; = 8 and
4
8=A1>0c—-2+ —.
o
Hence, 0 =8 or 9.

(i) 0 =9. Then p =1,v; =4 and by the formula (7), we have
36=0(c—2-71) <114 +29=36—2=234.

This is a contradiction.
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(ii) 0 = 8. Then p = 0, = 4 and by the formula (7), we have
24=0(c—2-71) < —6u+v1A; +29 =32—2— 6u.
Thus u =1 or 0.

(a) u = 1. Then Z* = 0 and 3r = Y = 8 + 8 x 3 + 8 + 2. Therefore,
r = 14. The type becomes [8 * 25, 3; 414].

(b) u=0. Then Z* = 6 and 2" = 2(f2 + t3). Hence,ty +t3 = 3. By the
way, Y = 8+8x3+8=40and Y = 3ty + 2t3+ {2 = 3t4 +¢3+ 3. Therefore,
37 = 3ty +t3;ty = 12,t3 = 1,ty = 2. The type becomes [8 * 24, 3; 412 3, 22].

(2) A=6. Then A; =7 and

4
T=A1>0-2+—.
o

Hence, 0 = 8.
Then p = 0,1 = 4 and by the formula (7), we have

24 =0(0 —2—77) < —6u+ 11 A1 + 27 = 28 — 2 — 6u.
Thus u = 0 and so
Zr=o0v1—0(0c—2)+11 A +2g=24—-48+28 -2 =2,
Thus, 2(t2 + t3) = 2; hence, ty + t3 = 1. Furthermore,
Y =8+ 8x347=3ty+ 23+ to = 3t4 + t3 + 1.
(3) A=5. Then A; =6 and
6=A4; 20—2+£.
o

Hence, o < 8, which contradicts the hypothesis.

4 proof of the inequality (2)

We shall prove the inequality (2); that is

o< A2+ 3A;+27+4. (19)
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4.1 nonsingular case

Suppose that r = 0,0 > 3. Then
A =22-2g=mr—1 =-B+8,

where B’ =20 + B > 30 > 8. ) )
Moreover, 2g =7 = (0 — 1)(B —2) = 0B — B' + 2.
It is easy to verify that if B =1 then B’ > 30 + 4. Otherwise B’ > 40.
Hence,

A2 434, 4+29+4—0=(-B'+8)(-B' +11)+0B-B' +4—o0
= B” —20B'+88+ 0B +4—o.

If B =1 then then B’ > 30 + 4 and

B” —20B'+8+0B+4—0>(30+4)(30 —16) +88+cB+4—0
=902 —360+8+0B —0
=90(0c —4+B/9) +8—0
> 0.

By the same reasoning, if B # 1 then then B’ > 40 and

B”? —20B'+88+ 0B +4—0 >40(40 —20) + 88+ 0B +4— 0 > 0.

4.2 case in which B > 3

By Lemma 1(4), we get 0 Ay + 4G > o(o — 2); thus
o
o< A+ -2 42 (20)
o

and

1,

g

A2 4341 +24+4—0> A2 +3A1+25+4— (A +

2
= A2 424, +2(1 - ~)g-
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If g > 1 then

2 4
A12+2A1+2(1—;)§2(A1+1)2+(1—;

) > 0.
If g = 0 then
2
A2 4241 +21 - )g> (A1 +1)*—1>4-1=3.
o
Agssume that A1 +1=0. Then —1 = Ay = A—¢g = A, which contradicts
A > 0. Therefore, A;?2 +3A; +25+4 > 0.
Ifg=—1then Ay = A+1>1. Hence, A; +1>2and (4; +1)? > 4.
2
AP 4244201 - 2)g > (A +1)P—12> -1
o

4.3 case in which B <2

By Proposition 2,

NoT < Ay + 29 — k.

Thus, we distinguish the following cases:

(1) A* > 1 and (2) \* <0.
5 case in which \* > 1
(1) A* > 1.

5.1 case in which B =0

(e-0) B = 0.
Suppose that Z* > 1. ie., Z* > v — 2.

151



Then
v —2<Z2*
= N+ A +20-k
< -7+ AL+ 29— k.
Hence, B
21 —3 =11 -2+ < A1+ 29— k.

Thus, }
0:21/1+p§A1+2§—k+3+p. (21)

However, by k —p > 0, we obtain
A2 434, 420+4—0> A2 +34,+274+4— (A, +29—k+3+p)
=A?+241+k—-p+1
= (A1 +1)%+Ek—p
> 0.
Since e = g + u , it follows that
A2 +3A1+20+4-e> (A1 + 1) +k—p—u, (22)
where £ = 4p + 2u. Then
/:;—p—uzp(k—2p)—p—u=2p2—p+2up—u.
Thus, if p > 0 then I;:—p—u > (0 and so the inequality:

e< A2+ 34, +27 +4. (23)

has been established.
However, if p = 0, we shall distinguish the various cases according to Z*.

52 Z'>1y —2

(i) 2* > v; — 2. In this case, Z* > 21 — 4.
Then since 77 > 2,p =0 and Z2* = k — Ay = 2u — A4, it follows that
2y —4< Z*
= - NTT+ A +27
< 2\ 4+ A +27
=341 — 4u + 2g.
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Hence,
c—4=2v —4 <341 —4u+2g.

Thus,
341+29+4 —u— o > 3u.

Therefore,

A2 434,425 +4—(0+u) > A2+ 3u>0.
Thus , the inequality (23) has been established.

53 Z'=1 -2

(ii) Z2* = vy — 2. In this case, to + 1,1 = 1.
Thus we have the following two cases to examine, separately.

5.4 case when t, =1

(ii-1) t = 1,4, 1 = 0. N
Then the type becomes [2v1 * (2v1 + u); 1%, 2] and B = 2e = 4v; + 2u.
Hence,
Z?2 =4y — 1)2u +u—2) — (n — 1)%t, — 1.

Moreover,

141 (1/1 — 1)

g=02v - 1)Q2r +u—-1)— 5

t, — 2,

and so
2g=(8 -ty )r1i(v1 — 1) +2u(2v; — 1) — 2.

Then A; = Z? — 2g turns out to be

(1 —1)(ty, —8) —2u+ 1.
Letting s be 7 —t,,, we obtain

Al = —S(I/1 — ].) — 2U+ 1,
2g=sv1(v1 — 1) +2u(2vy — 1) — 2.
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We have the following three cases to examine.

(aa) s > 0. Then

29 =svi(v1 — 1) +2u(2y — 1) — 2
>vi(r1 — 1)+ 10u — 2
> 21 +u=0+u.

and so

A2 434,429 +4— (04+u) > A2+ 34, +4> 0.

(bb) s = 0. Then

2g=2u(2vy — 1) —2,A; = —2u+ 1.

Hence,

A2 4341 +25+4— (0 +u) = 4u? — 13u + 4 + 4vu — 2u,

that is actually positive, since v > 2.

(cc) s < 0. Then
A= —st1 —2u+1=—-2u+1— sv7 and

A% = 4u? + du(rs — 1) + (715 — 1),
3A; = —6u — 3(vs — 1),
2g+4—(o+u)=s(rn—1)+2u2vy —1) - 201+ 2 —u
= s(T1 + 1)1 + 2u(207 + 1) — u — 277 + 2.

Hence, defining b, ¢ by the following
A2 +3A1+2+4— (0 +u) =4u® —2bu+c,

we get
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7
b:2(1—3’/_1)+§—(2’/_1+1)
9
c=(1—s7)%+3 — 2577 + U7 — 207 + 2

= s(1 + 8)71° — 4sv7 — 207 + 6.

The function 4u? — 2bu + ¢ has the minimal value #. Here,
4e = 4s(1 + s)o1° — 16577 — 877 + 24,

1
b =4(1 + s)* 7% — 18(1 + 8)77 + 8?

Thus
2 _9 15
dc — b* = —4(1 + s)v1” + 2s77 + 1007 + R

Suppose 1+ s < 0. Then the quadratic function F(z) = —4(1 + s)z? +
2sx + 10x + 14—5 has the minimal value at o = 4(%@).
Since o < 2 and

17 15
F(2):—16(1+3)+4s+20—Z=—125+4+Z>0,

it follows that F(77) > F(2) > 0.
Therefore, 4c — b*> > 0 which implies the result.

Suppose s = —1. Then b = % and ¢ = 277 + 4. Hence, 4u® — 2bu + ¢ =

4u? + 9bu + 2v7 +4 > 0.
Therefore, the inequality (23) has been established.

5.5 case whent, ;=1

(ii-2) to = 0,1, 1 = 1.
Then the type becomes [2vy * (2v) + u); 11,1 — 1] and so

A= —(7—t,,1)1/_1— 2u — 1.
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Moreover,

1/1(1/1 - 1) _ (1/1 - 1)(1/1 - 2)
2 o 2

§=(2V1—1)(21/1+u—1)— -1
and so

29 = 8v1v7 + 2u(207 + 1) — Tty — Ui (v1 — 2)
= (7 -t )i + 2u(207 + 1) + 277

Letting 5 be 8 — t,, = s — 1, we obtain
e 2g =S + 2u(201 + 1) + 207,

e Ay = —3v7 — 2u — 1.

We have the following three cases to examine.
(aa) 3> 0. Then
29 =3 +2u(2v1 + 1)+ 201 >0+ u=2v1 +u

and

A2 +3A4, 42 +4—(04u) > A2+ 34, +4> 0.

(bb) 5= 0. Then
Ay = —2u —1.
29 = 2u(vr + 1) + 277.

A2 4341 4+29+4— (0 +u) =40 +4u+1—6u—3+2u(mr+1)
+27+4—u— 211 > 0.

(cc) 5 < —1. Then 1 +5 < 0. Furthermore,
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Al = —2’(1,—1—%,
A? = 40 + 4u(1 +577) + (1 +377)%,
34, = —6u — 3307 — 3,

1
29 +4 — (0 +u) = 2u(277 + 5) + 201 + 5171 + 4 — 277

Hence, defining b, ¢ by
A2 +3A1+2+4— (0 +u) =4u® —2bu+c,

we get

1
b=—-2(1+3)77+ =,

[\

1

b =41 +57)° - 201+ 5)7) + 7,

c=(1+37)" = 3(1 +301) + 511 TT + 201 + 4 — 21
=33+ )72,

4¢ = 43(5 + 1)772.

The function 4u? — 2bu + ¢ has the minimal value 4011’2. Moreover,

de—b* = —4GE+ D)ot +2(3 + 1)o7 —

S =

Define F(z) to be —4(5 + 1)z +2(5 + 1)z — 1.

Then the minimal value # _F (4”_1)

Since 54 1 < 0, it follows that F'(z) has the miniml value at z = 1. By
71 > 2, we have F(77) > F(2) = —12(5+ 1) — 1 > 0. Thus , the inequality
(23) has been established.

(dd) s=—1. Then b= %,¢ =0 and

A2 +3A1 +2G+4— (0 +u) =4u* —u>0.
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56 Z*=0

(iii) Z* = 0. Thus, v; = v, and Y = 77, X = rv72. Hence,
o U1 =81 + k + Ay,
o 12 = 8U12 + 2kt 4+ k — Ay — 27.
Thus since s =8 —r =8 —t,,, it follows that
o 0=sU1+ k+ Ay,
o 0=sv12 +2kvT + k — A — 27.
Therefore,
o Ay = —stq —k,
o 27 = sr(TT + 1) + k(1 + 207) + k.

Recalling that B = 0, we shall prove the iequality (23).
(aa) s > 0.

(bb) s =0.

In these cases, the proofs are omitted.

() 1+s5<0.
First we notice

A? = E? 4 2ksT7 + s°T72,
34, = —3k — 35771,
2G+4—e=k(1+207) +k+sti(Tr+1) +4 —e,

1
= k(2T +p+ §)+51/_1(1/_1+ 1) —2p° 4+ 2p — 207 + 2,

where k& = p(k — 2p) = pk — 2p*, u = 2p — %
The formula A;? + 34, + 2g + 4 — e is written as k? — 2bk + ¢, where

52
b=—(1+s)71+ .

c=s(14+8) 72 —2(1+ )71 — 20" +p + 2.
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Furthermore,

c=s(1+8)2 =201+ )71 — 20>+ p+ 2.
2p—5 5 — 2p)?
p2 )+( p)

6
2p — 1 5 — 2p)?
c—b0*=—(1+ 872 — (1 + 5)( p2 )V_1—2p2+2p+2—%

— 2p—1.__  p(13—-9p) /
2
=—(1+s)m (1+ s)( o1 + + —.

b* = (1+ )77 + (1 + 5)7i(

Beﬁne a quadratic function F'(z) to be —(1+5)ac2—(1+5)(2p;1 ).’E+p(134_9p) +

16
The axis of the parabola defined by y = F(z) is less than 1. Hence,
F(v7) > F(2). However, if p < 2, then

13-9 7
F(2):—(1+8)(2p+3)+1¥+ﬁ
p(13—-9p) 7
> 2 —_—+ —
>2p+3+ 1 +16>0

Hence, if p < 2, then the inequality (23) has benn established.

5.7 case in which p > 3

Since \* =k — Ay > 1 and Ay = —s1q — k, it follows that
N =sv7+ 2k > 1. (24)
Then

2 —e+ Ay = sTr(TT 4+ 1)+ k(1 +207) + k— (p+u+2u1) — 577 — k
=T1(s71 +2k) + k — (p+u + 211)
=N 4k — (p+u+2u).

We have two cases to examine.
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1) 3 > 2.
Then
29 +4—e+ A =N +k— (p+u+2w) +4

>T+k—(p+u+2u)+4
=-2+k—(p+u)+4
=2+p(k—2p) — (p+u)
=2+ p(2p + 2u) — (p + )
=2+p2p—1)+u(2p—1)>0.

Further,

A2 434 +29+4—e> A2 +24,+1= (A, +1)2 > 0.

2) A* =1. Then A; =k — 1.
29 = sUi(V + 1) + k(1 + 201) + k.
Ay = —svp — k.
2G + Ay = svi? + 2k77 + k.
(ST + 2k)77 + k.
= \'07 + k.
=77 + k.

Hence,

G+4—(oc+u)+ A =T7+k+4—p—2v —u
—k+3-p—vi—u,

241 = A1 + Ay
=k—-—1-st1 —k
=—s11 — 1.
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Therefore,

2WG+4—(0+u)+34, =77+ k+4—p—2u —u—s77— 1
—k+3-p—-2—u—(1+s)7—1
2]~€+1—p—u
=2p* +2up+1—p—u>0.

Finally,

A2 +3A+24+4—e> A2+ 20+ 2up+1—p—u > 0.

6 case in which B=1

(e-1) B =1.
Thene =o0+u+1, B =2e—0 =0+ 2u+ 2, and what we shall prove
is the following inequality:

3
e=o0c+ut+vi=p+u+3v < §(A12+3A1+2§+4)-

Hence, by the inequality (21)

?

3(A12 +3A1 + 274+ 4) —2(0 +u +v1) > 3(A1 + 1) + 3k — 2k — 2u.
Supposing that p > 0, we have

3k — 2k — 2u = 3p(k — 2p) — 2k — 2u
= 3p(p + 2u) — 6p — 6u
=3p? — 6p — 6(p — 1)u.

The last term is positive except for p = 1, 0.
Suppose that p = 1. Then we may assume that A4; = —1.
Wehavee=oc+u+v,B=2e—0c=0+2u+2v1 =1+ 2u + 4v.
We shall distinguish the various cases according to Z*.

(i) 2* > v; — 2. In this case, Z* > 21 — 4.
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Here, we treat in the case when k > 0.

2wy —4< Z*
=N+ A +29—k
< 2N+ A +20—k
=34, — 2k + 29 — k.

Hence, }
c—4—p=2v —4 <3429 2k — k.
Thus, 5
3A1+2g+4—(u+0)>2k+k—p—u—4.
If p > 0 then
Qk+k—p—u—4=6p+dut+k—p—u>0.
If p = 0 then

k+k—p—u—4=6p+4u—u—4=3u—4.
Ifu>1then2k+k—p—u—4>0.
A2 4+341 425 +4— (ut0)> A2 >0.
Thus
A12+3A1+2§+4—§e2A12+3A1+2§+4—(0+u).

In the argument, case when v = 1,p = 0 is excluded. But in our case
A; = —1. Thus, A;®> =1.

(ii) 2* = v; — 2. In this case, to + 1,1 = 1.

(ii-1) p = L.
Suppose that to = 1. Then ¢,,_; = 0. By using the following invariant

Ag=(c—-2)(B—4)—(c—1)(B—2) +2.

we get
A= —-2u—-8t,, +8—-3=—-2u—8v7 — 3,
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and

Aq :A10+1/_1t,,1 +1
= —2u—3 -8y +v1t,, +1

= —sv] — 2u — 2.

By A; = -1, we get
sv1 = —2u — 1.

Hence, s < 0.
Moreover, it is easy to see that

2g = svivy + 6 — 2 + 4ury.
Then

Al = —sv7 — 2u — 2,
A)? = 4 4 4u(str + 2) + (s77 + 2)?
34, = —6u — 3sv1 — 6,

20+4— (u+2v + 1) =4ury —u+ svpry + 4y — 3.

Thus
A2 4+3A41+2+4— (u+20 + 1) =4u? —2bu+c
where
—2b=4(sv1 +2) — 6 + 41y — 1,
20 =4(1+8)U71+2) - 7<0,
c= (st1 +2)% — 3577 — 6 + svpvy +4v — 3
= 5(1+4 )72 + 2577 + 307 + 2 > 0.
Consequently,

A2+ 341 +294+4— (u+2v +1) =4u? — 2bu+ ¢ > 0.
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We skip the case when ¢ =0,¢,, 41 = 1.

(ii-2) p = 0.
Assume that to = 1,1, 41 = 0.

A= 2u+1-smq
A)? = 4u® — 4u(l — s77) + (1 — s77)?
3A; = —6u+ 3 — 3s77

20+4— (u+2v1 +1) =2u(207 + 1) — u + svio7 — 207

Then

A2 4+3A41+2+4— (u+2v1 + 1) =4u? —2bu+c

where

—2bu = —4u(l — sv7) — 6u + 2u(207 + 1) — u,
9

b=—(1+s)77 + 2’
c= (1—sy_1)2+3—331/_1+31/11/_1—21/_1

7 case in which \* <0

Agsume kK — A; = A* < 0. Then A} > k > 0 and applying Lemma of
Matsuda and Tanaka to the fundamental equalities :

o Y =8ui + k+ A,
o X =802+ 2kvy + k — A — 27,

we obtain

V= (k+ A)?*— QkiT+k— A, —2g) > 0.
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7.1 case in which £ > 0

Supposing that k > 0, we get from
(k+ A% — 2kt + k — Ay —27) > 0,
the next estimate:

A2+ A1 +27 -k
k

k+2A, + >2li=0—p—2. (25)
(1) p>o0. .
Assume p > 0. Then A; > k > 3p > 3 and pk — k = 2p? and p_k];k =

2% 2k
< 5 Hence,

2k A (A +1)+ 29 A(A1+ 1)+ 25—k
2k gn, AT D TG gy AT D Rk
9 k k
Moreover, from k£ < A, it follows that
2k 21A 10A
2k gq, < 2 104
9 3
Therefore,
104, A2+ A, +2g A2+ 114, + 29
2+ 031+ 1+31+g=2+ 1+31+g7

and we obtain
A12 +11A: 4+ 2g

A2 +3A14+2+4—-0> AP +3A1 +29+4 - (2+ )

3
A2 + 124, + 29
> A2+ 341 +25+4— (24 2 . LT 29y
24,2 4g
> — A —+2
=3 1+3+
24,2 —3A, + 49
> 1 - 1+ g+2
24,2 — 7]
1 4141+49_|_2
3
2(4; —1)2 -2 —
N G ) el Sk Y
3
2
>92-— =,
= 3
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Therefore,
A2 434, 4+20+4>0+2.

(2) p=0,u > 0.
Assume p = 0,u > 0. Then the formula (25) turns out to be

AZ+ A +2g

2u + 24, + 5 > =0 —2. (26)
u
Therefore, since A; > 2u > 2, we obtain
A2+ A1+ 27
Aﬂ+3&ﬂ&§+4—a2Aﬂ+3&ﬂ&§+4—@+Qu+%%+—ii?£tﬁ)
u
2u —1
=2—2u+ (A% + A + 29)
1
22—A1+§(A12+A1+2§)
1
> 5(14112 —A))+g9+2
>14+7+2
> 2.
Thus,
A2+ 341 +25+4>0+2.
7.2 estimate of ¢,(2)
(i)p>~0
Since & = p(kfp) =p-— 2,7:;2, it follows that
A2+ A + 25—k A2+ A+ 25 2p?
Y P ki ek R A B ke S S
k k k
>o—p-—2.
Thus,
A2 + A1 +27 2p°
k+2A1+%—p+%20—p—2.
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Hence,
AT+ A +29  2p?

+—4+2>o0.

k+2A
+ 24, + % 2

A2 +3A1+2+4—e> AP +3A, +25 + 4
AT+ Ay +29  2p?

1. 2p?
=@h2+Ay+wx1—Ey+{}+2—u—h

But by A; > k, we get

A2+ A +29 > K+ k +27.

Hence,
5 _ 1. 2p? 5 _ 1
(A +A1+2g)(1—E)+T+2—u—k2 (k +k+2g)(1—E).
Therefore,

1, 2p?
A12+3A1+2§+4—ez(k2+k+2§)(1—E)+%+2—u—k
2

1.2
= (W +k+29) 1 - D)+ T +2-u—k
2p?

1 1
= +E1-)+2900 - )+ 42— u—k
(k% + k)( k)+g( k)+k+ u
1. 2p?
=k -1-20—-)+=>—+42—u—
k ( k)+ —t2-u—k

>k2-3+2—u—k
=k2-1-u—k
>3k—-—1—u—k >0.

(ii)) p=0,u > 0.
Then
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Al + A +2g

2>
ou +2>0

2u + 241 +

Hence,

A2+ A+ 27
1 1 9+

A2 +3A +2+4—e> A2 +3A,+25+4 — (Bu+ 24, + 5
u
2u—1
> 2 - 3u+ = (A% 4 Ay + 27)
2u—1 2u — 1
>2—3u+ - (2u? + u) — “
u u
1
=2-3u+ (2u—-1)2u+1)—2+—
u
1

=2-3u+4u-1-2+—
u

1
>4ul4+2u—-2+= >0
Uu

7.3 case in which £k =0

Suppose that k =_0 and —A; =k — Ay = X*<0. Thus A; > 0.

Putting t = t,,, Y = Zu]-<u1 75 and X = Zu]-<u1 7;2, we obtain
o Y = (8—t)ur + A1,
o X =(8—t)u2— A, — 23
Suppose that ¢ > 8. Then
0<X —Y +(t—8)m(mr—1) = —24, —25 < 2. (27)

7.4 case in which ¢ > 8

If v; = 2 then from the formula (27 ) it follows that X =Y =0and so
r =8 or 9; the type beocmes [4 x 4;2"]. Then x[D] < 2, a contradiction.

If v1 > 2 then from the formula (27 ) it follows that (t—8)v1(v1 —1) = 2;

hence, 71 = 2 and t = 9. Therefore, v; =3 and 0 = 6. Then g =5-5—-3-9 <
0; a contradiction.
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7.5 case in which ¢ =8

If ¢t = 8 then
0<X —-Y <-24,-25<2.

If X =Y then either 1) vy = v, or 2) there exists j such that vj =2
for v; <.

In the case 1), we get X =Y =0and A1 = 0. Hence, g = 0. The type
beocmes [2v) * 2v1;11%). Then k[D] < 2, a contradiction.

In the case 2), we get X =Y =r— 8 and the fundamental equations
turn out to be

e r—8=Y = A,
° T—SZYI:—A1—2§.
Thus, 2(r — 8) = 24; = —2g < 2. Therefore, r =9 and g = 0. The type

beocmes [211 * 2v1; 118, 2). Then k[D] < 2, a contradiction.

7.6 case in which ¢t < 8
Then s =8 — ¢ > 0 and

o Y =sUr+ Al =s(TT— 1) + s+ A,
e X' =su2— A, —23.

Since Ay > 0, it follows that Y > sv7. On the other hand, by Lemma of
Matsuda and Tanaka, we obtain

V=s@r—172+(s+4)2-X >0.
Thus

A12 + A1+ 27
—

o<3+s+24;+ (28)

If s = 1 then the inequality (2) has been established.
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7.7 lemma

Lemma 2. If vy > 2 then

2(4A +§).

<A
S 1+ U2

(29)

Proof.
Since Z* = 2;1251(1/1 — )G —Dt; = (r1 — 2)e(t), it follows that
Zf = A+ 2g > (V1 - 2)6(t).
Hence,
A+ 2g 241 + 2g
)< ——==A4 _—
E()_ v — 2 1+ vy — 2
By the way,
s(r1 —2) <Y =sor+ Ay < (11— 2)e(t).
Hence, s < ¢(t); hence,
2A 2g
14 5<e(t) <A+ 1729
v — 2

Therefore,
24, 4+ 2g

<A
s < Ay + U2

1. (30)
7.8 case when s > 1

It is easy to see that

A12+A1+2§
S

A2 +3A1 +25+4— (34 s+ 24, + )

1
=(1- g)(Aﬁ + Ay + 27 — s).
Therefore, if s > 1 and A2 + A; +2g > s then

A2+ A+ 27
— Y >4
s

A2 434, 4+24+4>3+s+24; +

Thus, assume that
A2+ A+ 27 < s (31)

If v1 > 4, then by Lemma 2, we obtain
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2(A1 +7)
vy — 2

s< Ay + <24;+49g- 1

Thus by (31)
A2+ A +20<s<24,+7-2.

Hence,
A2+ A +25< 24+ 2. (32)
Therefore,
0< A2 — A <=2,

which is a contradiction.
Finally, suppose that v4 = 3. Then ¢ = 6. The inequality (2) turns out
to be

6=0<A>+3A4;+27+4. (33)

If Ay > 2 then < A;2 434, > 4and 2g+4 > 2. Thus A;2+34,+29+4 > 6.
To study the case when A; or 0 , we recall the formula (29) and we get

241+ 29
9<s< A4 34 4051,
v —
Therefore, if A} = 0 then 3 < 2g; thus g > 2.

Hence,
A2 +3A1 +25+4> 8.

Moreover, if Ay =1 then 3 < 2g + 3; thus g > 0.
A2 +3A,429+4>8+27 > 6.

This completes the proof of the inequality (2).

8 proof of the inequality (1)

Here we shall derive the inequality (1) from the inequality (2). Since
(A+2)(A+3) — (A2 +3A; +25+4) = g(2A +2 - 7),

it suffices to prove 24 4+ 2 — g > 0 provided that g > 0.
By Lemma 1(2), either (i) 041 > —4g or (ii) eA; > —67.
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In case (i), we get A > (1 — 2)g. Hence, it follows that

8
24+2-7>(1-~)7+2 (34)

Since g > 0, it follows that 24 + 2 — g > 0 provided that o > 8. Therefore,
for o < 7, it suffices to prove o < (A + 2)(A + 3).
But for A > 1, we get (A +2)(A+3) > 12.

In case (ii), we get A > (1 — £)g. Hence,

12
24+2-7> (1- )7 +2. (35)

Since g > 0, it follows that 24 + 2 —§ > 0 provided that e > 12. Therefore,
for e < 11, it suffices to prove o < (A + 2)(A + 3).

Thus, since 11 > e=0 +u + 11 > o + 2, it follows that 9 > o.

But for A > 1, we obtain (A + 2)(A+ 3) > 12 > 9 > o. This completes
the proof of the inequality (1).
8.1 case when g > 1

Theorem 5. If g > 0 then
o <A*+3A+4. (36)

Proof.
If g = 1 then the inequality (2) turns out to be

o< A*+3A+4. (37)

However, if g > 1 then

A2 +3A+4— (A2 +341 +25+4) =g(A+ A +1).
Hence, if A+ A1 +1 > 0 then

A2+ 3A4+4—0> A2+ 3A+4— (A2 +3A; +2+4) =g(A+ A, +1) > 0.

Therefore, assuming A+ A; +1 < 0, we shall prove the inequality (37).
However, A+ A; +1=24; +g+1<0and by Lemma 1, we get either
1) 0A1+4g>0o0r2) ed; +6g > 1;ie, A > -2
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In case 1), we have A; > *_;@ and so
_8g
=9 <94, < -5 1. (38)
o
Thus o < 7, for § > 0. However, if A > 1 then 8 < A? + 3A + 4. Hence, we
obtain the inequality (37)

In case 2), we have A4; > ;SE and so

~127

e
Thus e <11.By 11 —0 > e— 0 > 11 > 2, we have 0 < 9. In order to prove
the inequality (37), it suffices to assume A = 1. Suppose that 0 = 9. Then
e=11,11 = 2,u = 0. But from the formula (39), we get

<24, <-g-1< 7. (39)

—12g —12g _
=—<-g-— 1L
e T
Hence,
g >11. (40)
However, from
—12g —12g
L 24; =2(A-79),
e 11

it follows that
—12g < 22A; = 22(A—79) =22(1 —g) = 22 — 227.

Hence, 10g < 11; thus g < 2, which contradicts (40).
This completes the proof of the inequality (37).

9 estimate of ¢ in terms of (2

Introduce an invariant €2; to be 2 — 2g. which turns out to be 34;.
The inequality (2) implies the next:

Theorem 6.
90 < 0% + 99, + 187 + 36. (41)
In other words,
2,2 _

We shall verify the next inequality:
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Theorem 7. Q4 5)(0 4 8
o< M (42)
9
First, subtract w from 9712 +0 +29+4.

Denoting €12 4+ 9 + 187 + 36 — (£ + 5)(€2 + 8) by 0 we get

6= (2 — Q) +9) +9(Q — Q) + 187+ 36 — Q2 — 40
=4(1—g)(2—7) + 36 — 40 — 40

Then
d=—2(Q—g+1). (43)

Ifg=0thend=0. Hence, we can assume g > 0.
IfQ—-g+1>0, then § <0 and

0,2 Q+5)(2+8
%+91+2§+4§%.

Therefore,in order to show the inequality (42), it suffices to consider in
the case when Q@ —g+ 1 < 0.

Note that g > 1, since ! —g+ 1 < 0 and £ > 0.

From Lemma 1(2), we have the following result:

If B =1 then either 1) 2¢ — 30 > 0 or 2) 30 — 2e > 0. In the first case,
0§} 4+ 12g > 0 and in the second case, ef2; + 18g > 0.
9.1 case 1)

Therefore, in case 1)

12
Q—§+1=91+§+1Z(1—;)§+1.

Thus, if 0 > 12, we have the inequality (42).
However, when o < 11, the inequality (42) is obvious for € > 4.
So, we assume that £2 < 3.

(i) €2 = 3. Since £ — w > 1, it follows that w < 2. From
o< w?+3w+2<12

it follows that o < 12. Hence, the inequality (42) is verified.
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(i) €2 = 2. Since 2 —w > 1, it follows that w = 1. From
o<W 4+3w+2=6

it follows that o < 6. Hence, the inequality (42) is verified, too.
However, when e < 17, the inequality (42) is obvious for §2 > 5.

9.2 case 2)

From e€2; 4+ 18g > 0 and 2e > 30 it follows that
18
Q-g+1=U+g+1> (1—?)§+1.

Thus, if e > 18, we have the inequality (42).

Hereafter, assume ¢ < 17. Then from o +u+v; = e < 17, it follows that
c<15.Byw=e—-0<$< %, we have 11 < 1y < 5. We shall distinguish
the various cases according to the value of v.

(1) 1 =5. Hence, 10 =21y <o <e—vy=e—5< 12
We consider the plane type [e; 5%, 44 3! 28] Then it is easy to compute
 and ¢:

° Q=(€—3)(6—9)+t2—3t4—8t57

e(e —3)

5 — t9 — 3t3 — 6t4 — 10¢5.

° y =
From these, we obtain

5Q — 47 = 3(e — 3) (e — 15) + 9ty + 12t5 + 9t4. (44)

(i) If e =16 or 17 , then o < 12 and 5 > 4g + 39 > 35. Thus Q@ > T;

Then w > 20 > e > 0. In this case, we have the inequality (42).

(ii) If e = 15 , then o = 10 and 5Q = 9ty + 125 + 9,4 + 47.
(aa) But if © > 4 , then 208 5 0 4 8> 12 > 10 = 0. Moreover,

9
w > % x 18 > %e. In this case, we have the inequality (42) and

(1+ %)w > e. (45)
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(bb) If & = 3 or 2, then 5Q = 9ty + 123 + 94 + 47 has no solution.

(2) vy =4. Hence, 8 <o <e—1) <e—4<13. Hence, e =12 or 13.
We consider the plane type [e;4%,3,2!2]. Then it is easy to get the
formula:
2Q—§:%(e—3)(e—12)+2t2+3t320. (46)

We shall examine the following cases separately.

(i) f 17 > e > 13 , then 0 < 13 and 2@ > —2g+ 15 > 13. Thus > 7
and we get the inequality (42).

(ii) If e =12, then 0 < 8. If Q@ > 3, then mﬂw > 9 and we get the
inequality (42).

(iii) If e < 11 , then 3v; < e and 14 < 3, a contradiction.

Note tha also in these cases, one can verify the inequality ( 45).

(3) 1 < 3. We consider the plane type [e; 3'3,202]. Tt is easy to get the
e(e —3)

formula: @ = (e—3)(e—9) +t2 and g = 5

— to — 3t3.

10 estimate of e in terms of

10.1 case in which B > 3

Assume B > 3 and o > 6.
From Lemma 1 implying that

0A1 + 49 > (2e — Bo — 20),

it follows that
ofd + 12g > 3(2e — Bo — 20).

Thus,

o +2(6 — 7)5 > 3e(1 — %)(0 —9) 4+ 3u(l + %)(0 _9). (@)
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10.2 case in which ¢ > 0

Assuming g > 0, we obtain

2
o} > 3e(l — E)(U - 2).
Thus, the following result is proved.
Proposition 5. If g >0, B > 3 and o > 6, then

Bo2
“S3B-2)-2) (48)

10.3 case in which ¢ =0

We shall prove the next result.
Proposition 6. If g=0, B >3 and 0 > 6 , then

Bofl
“CCIE-0-2) (49)

Proof.
Supposing that e > %, we shall derive a contradiction.
Then by hypothesis,

3e(1 — %)(0 —2) > ofd.

From the inequality (47), it follows that

092~ 2(6— 7) > Be(1 — 2)(0 ~2) + Bu(l + =)(0 ~2)
> 0§24+ 3u(l+ %)(0 —2).

Thus 9
2(6 —0) > 3u(l+ E)(O - 2).

Hence,

2(6 — o) > 3u(l + %)(a —6+4) = 3u(l + %)(a — 6 +4) + 12u(1 + %).
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Then
> 3u.

2 2
2> 3u(l+ =)+ 12u(l1 + =
_3u(+B)+ u(+B)

o —
Therefore, u = 0.
Thus, the inequality (47) turns out to be

00— 26 — ) > 3e(1 — %)(0 _9).

Since e = Bo, it follows that

3e(l — %)(O’ —-2)=30(8B —-2)(c —2).

Hence,
o2 > 2(6 —0) + 30(B — 2)(0 — 2).

From this,

Q>201- §)+3(B—2)(0—2).

By o > 6, we have 2(1 — £) < 1.
Hence,

Q> 3(B - 2)(0—2). (50)

However, since e = Bo, it follows that

2 2
3(B—-2)(c—2)=3e(l- E)(l — ;)
Hence,
2 2
> -=)1--
Q2 > 3e(1 B)( 0)
Therefore,
< Bofl
“=3B-2)(0-2)

In particular, since B > 3 and o > 6, it follows that

Bof) 3
e < < =(
“3B-2)(c—2) " 2
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10.4 case in which B <2

Under the assumption o > 7, from
e <ep(A2+3A; +25+4)

it follows that

QZ
egeB(?1+Ql+2§+4). (51)
From this we wish to derive the following estimate:
Q+5)(2+8
efggBE__t_%§_;t_l, (52)

To verify this inequality, recalling that the equality (43), we may assume
Q) +7 < 0and g > 0.

10.5 case when B=0Qor B =2

Here we treat the case when B = 0 or B = 2. To simplify the notation we
assume futher that B = 0.
Then from Lemma 1 implying that

oAy +4g > 2u(o — 2)
it follows that
oSl +12g > 6u(o — 2).

Thus,

2 12
2+ > 6u(l = )+ (1= )7, (53

Thus if ¢ > 12 and g > 0, then € + ¢ > 0, which contradicts the
hypothesis.

Thus we may assume o < 11 ;hence 11 < 5. Moreover, by the inequality
(53), we can suppose that

6M1—§y+u—%§y<a (54)

(1) v1 = 5. The type becomes [0 * e; 5%, 4% 3! 2!2], Then
] 922(0—4)(6—4) — 4 4+ t9 — 3ty — 8ts,

e g=(0c—1)(e—1)—1—ty — 3ty — 6t4 — 10t5.
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From these, we obtain

50 —4g =6((0c — 6)(e — 6) — 36) + 120 + 9ty + 12t3 + 9¢4.
Therefore, if o = 10 or 11, then 5£2 — 4g > 0.

If o = 10 then by the inequality (54) we have

1 6
6u(l — — 1—--)g<O.
u(l=2)+(1- )7 <
Hence |,
Q
24u<§§5T§2Q.
Thus
12u < 2.

If 0 = 11 then by the inequality (54) we have

2 12
1-—— 1-—)g .
6u(l — =) +(1- )7 <0
Hence |,
5Q
Sdu <g < —.
4
Thus
12u < Q.

From this we shall verify (52), where ¢ = 10 or 11.
If w = 0 then e = ¢ and we are done.
Ifu>0thene=0+u, 2>12u > 10 and

(24 5)(2+8)
9

This implies the required inequality.

10.6 case when B =1

Assume that B = 1. Then 2e — 30 = 2u — p.
case 1). Suppose that 2e — 30 = 2u — p > 0.
From Lemma 1 implying that

cA1 +49 > (2u—p)(oc —2)
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it follows that
ol +12g > 3(2u — p)(o — 2).

Thus,

0+ > 3(2u - p)(1 - =) + (1 - )5, (56)

Therefore, if o > 12 and g > 0, then £y +§ > 0, which contradicts the
hypothesis. Hence, o < 11, which implies that v; < 5.
Moreover, by the inequality (56), we can suppose

3(2u —p)(1 - g) +(1 - %)y < 0. (57)

We distinguish the various cases according to the value of v;.

1) v =5.
Then since o = 10 or 11, we have p =1 or 0. Thus

e=oc+u+vi=p+u+3ry <1l+u+3v;.

By 2u — p > 0, we have u > 0 when p = 1. Thus if u = 0 then p = 0 and so
e = 3v; = €1(0). Therefore, the inequality (52) has been proved.
Writing o as 10 + &, where e = 0 or 1, from (57), it follows that

12

)+ (1— 10_|_6)§<0.

3(2u —p)(1 -

10+ ¢
Then

51 S 1202u - p).

g>3Q2u—p)g—=

By 582 — 4g > 0 we get
52 > 4g > 48(2u — p).
Hence,
W > 8(2u — p).
Thus, 2+5 > 16u—8+5 = 16u—3 > 9 and £24 8 > 16u > 15u. Therefore,

Q+5)(2+8
61%>51(16u)=24u>€:“+3”1+p‘

Q>>

2) nm = 4.
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Then since 8 < g < 11, we have p < 3. Thus
e=oc+u+vi=p+u+3ry <p+u+ 3.
By 2u —p > 0, we have u > £.

Thus if v = 0 then p =0 and so e = 3v; = €1(0).
Writing o as 10 + ¢, where e = 0 or 1, from (57), it follows that

case 2). Suppose that 2e — 30 = 2u — p < 0.
In this case, we have already established the estimate.
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appendix

Table 1: A=1,2

type

genus

[6 * 6; 3°]

—_

0 0O DD NQ

— =
N O

[6 * 7; 319
[6 % 6;37,24]
[6 % 6;37, 23]
[6 * 6;37,22]
[6 % 6;37,2]

[6 * 6;37]

[8 * 8; 47, 3%]
[8 % 8;47,32, 2]
[10 * 11;57]
[12 % 12; 67,5, 4]

[6 % 7; 3%
[6 % 7;3% 2]
[6 % 7;3%,2%]
[6 % 7; 3% 23]
[6 % 6;36,27]
[6 * 6535, 26]
[6 % 6535, 2°]
[6 * 6535, 2%]
[6 % 6535, 23]
[6 * 6535, 2]
[6 * 6;35,2]

[6 * 6; 3°]

[\D[\D[\D[\D[\D[\D[\D[\D[\D[\D[\D[\D[\DI—‘}—‘I—‘}—‘HI—‘HI—‘}—‘I—‘O&

NS DS NS DS OO OO D

[7%10,1;3"]
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Table 2: A = 2(continued)

184

Al o type genus
218 [8 * 8;4%,3%] 1
218 [8 * 8;46 3% 2] 0
218 [8 % 9; 49 2
2| 8 [8 % 9;4% 2] 1
2|8 [8 % 9;49 22 0
218 [8 % 8;47, 3, 2%] 0
2|8 [8 % 8;47,3,23] 1
218 [8 % 8;47, 3, 2% 2
2|8 [8 % 8;47,3,2] 3
218 [8 % 8;47, 3] 4
219 [9 % 13,1;40] 0
2 [ 10 [ [10%10;5%,43 3] 0
2 | 10 | [10 % 10;57,4, 3,22] 0
2 [ 10 | [10%10;57,4,3,2] 1
2 10| [10%10;57,4,3] 2
2 |12 [12 % 12; 6%, 53] 1
2 [ 12| [12%12;65 53, 2] 0
2 [ 12| [12%12;67,5,3? 0
2 [ 14| [14%14;77,6,4] 1
2 | 14| [14%14;77,6,4,2] 0
2|15 [15 % 22,1; 79 0
2 | 16 | [16 % 16;85%, 72, 6] 0
2 [ 20 | [20%20;107,9,5] 0



Table 3: Q@ =1,2,3.5,6

o TYPE Q w A
7 [7%9,1;1] 1 1 9
7 [7%9,1;2Y 2 2 9
7 [7%9,1;2%] 3 3 9
7 [7%9,1;2%] 4 4 9
10 [10 % 11559 4 2 1
12 [12%12;67,5,4] 4 2 1
7 [79,1;2%] 5 5 9
10 [10%10;57,4,3] 5 3 2
10 [10 % 10;57, 4] 5 3 3
7 [7%9,1;2°] 6 6 9
10 [10%10;57,4,3,2] 6 4 2
10 [10%10;57,4,2] 6 4 3
12 [12%12;655% 6 3 2
14 [14%14;77.6,4 6 3 2
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Table 4: 2 =17,8

o TYPE Q w A
7 [7%9,1;29] 77 9
10 [10%10;5%4%3] 7 4 2
10 [10%10;57,4,3,22] 7 5 2
10 [10%10;57,4,2%] 7 5 3
10 [10 % 10; 5%, 43] 7 4 3
12 [12%12;6%5%2] 7 4 2
12 [12%12;67,5,3%] 7 4 2
12 [12 % 12;67, 5] 7T 4 4
12 [12%12;67,5,3] 7 4 3
14 [14%14;77,6,4,2] 7 4 2
15 [15 % 22,1; 79 7T 3 2
16 [16%16;8%,726] 7 3 2
20 [20%20;107,9,5] 7 3 2
7 [7%9,1;27] 8 8 9
8 [8 % 10,1;1] 8 6 14
10 [10%10;5%4%2] 8 5 3
10 [10 % 10;57, 33] 8 5 3
10 [10%10;57,4,2%] 8 6 3
10 [10 % 10;57, 3] 8 5 5
10 [10 % 10;57, 32] 8 5 4
12 [12 % 13; 6%, 5] 8 4 3
12 [12%12;67,5,3,2] 8 5 3
12 [12%12;67,5,2] 8 5 4
14 [14%14;77,5?] 8 4 3
16 [16%16;87,7,4] 8 4 3
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Table 5: =9

o TYPE Q w A
7 [7%9,1;28] 9 9 9
8 [8 % 10, 1;2] 9 7 14
10 [10 % 10; 57, 47] 9 5 3
10 [10%11;5%,4,3] 9 5 3
10 [10%10;5%,4%,22] 9 6 3
10 [10%10;57,3%2] 9 6 3
10 [10%10;57,4,24] 9 7 3
10 [10%10;57,3,2] 9 6 5
10 [10%10;57,3%2,2] 9 6 4
10 [10 % 11;5%, 4] 9 5 4
12 [12%12;67,4%,3] 9 5 3
12 [12%13;6%,5,2] 9 5 3
12 [12%12;67,5,3,22] 9 6 3
12 [12%12;67,5,22] 9 6 4
12 [12%12;67,47] 9 5 4
14 [14%14;77,52,2] 9 5 3
14 [14%14;77,6,3%] 9 5 3
14 [14 % 14;77, 6] 9 5 5
14 [14%14;77,6,3] 9 5 4
16 [16 * 16; 8%, 7] 9 4 3
16 [16 * 17;8%, 6] 9 4 3
16 [16+16:87,7,4,2] 9 5 3
18 [18%18;97,7,6] 9 4 3
22 [22%22:117,10,5] 9 4 3
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