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1. INTRODUCTION
2. HISTORY

Let me start with recalling the history of algebraic plane curves from
the viewpoint of

2.1. Q.T. The fundamental quadratic transformation 1" between the
projective plane P2 is defined by
Yo=X1Xo, Y| =XpXo, Yo=X{X.
XY _X_]

Yo Xqi @

ey 22 ]

Yo Xo oy

By Q.T, a plane curve C of degree d is transformed into a plane
curve C.



Ex. If C is a quartic with three double points Py, Py, P, then C’
turns out to be a conic.

FIGURE 1. degree 4 curve with 3 nodes



2.2. Noether’s formula. Suppose that C' is a curve of degree d
with singular points of which multiplicites are vy, vy, 19, -+ , 1y such
that vg > vy 219> -+ > 1y

If C has singular points with multiplicities vg, vy, 19 at Py, P, P>.then
we see that ' has multiplicities 1/, V{, ' at Qp, Q1, Qo where

V6=d—V1—V2, V{Zd—Vo—VQ, yézd—yl—yg

Here, d' = 2d — vy — v — vo. (Noether’s formula)

In particular, if d’ < d,then C’ looks much simpler than C.
d" < d if and only d < vy + v + 1.

d < vy + v] + o 1s an inequality called Noether's inequality.



Example. A curve defined by x = cos 56,y = cos46 is a rational
curve of degree 5 with 6 double points.

FIGURE 2

ThenVOZVl=V2=2andd,=2d—V0—V1—V2=10—624.



This is transformed into a line by a birational transformation be-
tween the projective plane P? | which we call Cremona transformation.

However, the curve defined by x = cos66,y = cos 56 has degree 6
and 10 double points.



Since vy = v| = 9 = 2, it follows that ' = 2d — vy — 1] — 19 =
12—-6=6.

Thus C" does not look simpler than C.

Fact 1. If C is a curve tranformed from a line on P2 by a Cremona

transtormation then d < vy 4+ v + 1».
But the converse is not true.

Fact 2. If d > vy+ vy + 19, C cannot be tranformed into a line on
P? by any Cremona transformation.



Fact 3. If C is a curve tranformed from a line on P2 by a Cremona
transformation then d < v + 2v5s.
These are proven by using logarithmic Kodaira dimension.

d > vy + vy + 15 1s the converse of Noether’s inequality.

Theorem 1 (Cremona). If d > vy + v + vo holds, then C is Cre-

monian minimal; If C' is obtained from C by a Cremona trans-
formation, then the degree of C' > d.

Just by simple computation.

But even if C' is not transformed into line on P2, after a Cremona
tranformation the condition d > vy+ v + v 1s not necessary satisfied.



For a singular rational curve C' on P2, after a finite number of
blowing ups we get a nonsingular rational surface S and a nonsingular
curve D which is the proper transform of C.

Say C' has degree d and singular points with multiplicites v, v1, 19, - - -, Uy
such that g > vy > 19 > - > v,
Then
D2:d2—V§—V12—~~—1/,?.

In this case , we say that C' has the plane type |d; vy, v1, 19, -, vy



2.3. Nagata. In 1960, M.Nagata showed that:
Let D be a nonsingular elliptic curve on a nonsingular rational sur-

face S .
Then D? < 9.
If D? =9 then (S, D) is transformed into (P2, C3).
Here C; means a nonsingular plane curve of degree d.

2.4. Hartshorne. In 1970, R.Hartshorne showed that if ¢ > 1 then
D? < 4g+4.

Moreover, if hyperelliptic curves defined by y? = H?i Jil(a: — a;)
(distinct roots) satisfy D? = 4¢ + 4.

Later it was shown that curves with D? = 4¢ + 4 turn out to be
such hyperelliptic curves or a curve of plane type [4;1].
Indeed, D? = 16, g = 3 by applying the theory of minimal models.
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2.5. Coolidge. In 1928,Coolidge studied plane curves C' and intro-
duced the notion called the adjoint systems of special index 7, which
are defined to be jKg+ D, 53 > 1.

Coolidge:
If D is rational and |2Kg + D| = 0, then D is tranformed into a
line on P2 by a Cremona transformation

This looks like Castelnuovo’s criterion of rationality, which claims
S is a rational surface if and only if P»(S) = 0, dim H’(S, Q) = 0.



American geometers developed Cremonian geometry.
They studied properties of plane curves which are invariant under
Cremona transtormations.

[n Cremonian geometry, pairs (S, C') of nonsingular rational sur-
faces S and curves C' C S are objects of the study.

For pairs (S, C') where C' is nonsingular, D stands for C.

Given pairs (S, C') and (S, C]), if there exists a birational map
h : S — Si such that the proper transform h|C| = C then they are
sald to be birationally equivalent.




Let S be a nonsingular rational surface S and D a nonsingular curve
on S.
Suppose that m > a > 1.

Then P, 4| D] = dim |[mK g+aD|+1 are called mixed plurigenera,
which depend on S and D.

Z stands for Kqg+ D.
Py D] = dim |mZ| + 1 are logarithmic plurigenera of S — D,
from which logarithmic Kodaira dimension is introduced, denoted by

k| D).



2.6. minimal models. A non-singular pair (S, D) is said to be rel-
atively minimal, whenever D - ' > 2 for any (—1) curve F, ie. jie.
an exceptional curve of the first kind, on S such that £ # D.

Theorem 2. If (S, D) is relatively minimal and x|D] = 2 then

(.S, D) is actually minimal.

In other words, any birational map from (57, D) to (S, D) turns
out to be regular.



Proposition 1. Suppose that (S, D) is minimal.

(1) If g = g(D) > 0 then Z = Kg+ D 1s nef. Moreover, when
k|D] =2, Z is big.

(2) If g = 0 and k[D] = 2 then (1) D* < =5 and (2) Z3 = Z—%D
is nef and big , where 8 = —D?.



If S # P2 then there exists a surjective morphism pr : S — P1
whose general fibers are P1. The minimum of the mapping degree of
pr|p : D — P is denoted by o.

Py 1|D] = g the genus of D, and g is defined to be g — 1.
If0>4thenD—|—2K518 ,
P 1|D] = 72 _G4+1=A+1 whereg=9g—1,A=27%—7



If ¢ > 6 then |D +3Kg| # () and

Py [D]=3Z*+1-Tg+D*=3A—a+1=Q—-w+1
where a = 4g— D?,Q = (32 —=2D)-Z = 37°% —4g and w = 3g— D>.

Problem | Study birational invariants such as D?, Z2, a, A, Q. w. 0.

Tase 1. Y11 and Yang
Y1l (B%) DQ,a:4§—D2,w:3§—D2,w1:w—g
Yang (M) 2%, A=2%2-3,Q0=32>-45,A1=A—73
Neutral (FF37) 0,Q = (22 — D)Q, K%



raeee 2. 11IKe elementary particles

Ist generation d,vq,v9,--- ,vp,0,e, B

2nd generation g =genus,

3rd generation o,w,ap,wy, A, w, A1,
P 1|D], P3.1|D}, P a| D),



a,w, A, Py 1D, P31|D] are very powerful invariants;
They determine the structure of D on S.
If B> 3, then

o0 < Jw

o0 < 3o+ 3

If B <2, then

o0 < (w+1)(w+2)

o0 < (a+2)(a+3) (By Matsuda)

o0 < w?+w +27+2

o0 < (A+2)(A+3)

o0 < A2 +2g+3A; +4

e 90 < 1%+ 90 + 187 + 36.
o < (€245)(2+8)
= 9




Define 5 to be 1(if B = 0), = 3(if B = 1),=2(if B = 2).
oc <eplw+1)(w+2)

oc <cepla+2)(a+3)

o c < ep(wh+wy +29+2)

oc<cp(A+2)(A+3)
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FIGURE 5. iitaka: (o, o)
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FIGURE 6. iitaka: (w, o)
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FIGURE 7. Moriyama: (a, g)
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2.7. # minimal pairs. Minimal pairs are obtained from some kind
of singular models namely, # minimal pairs.

Any P1— bundle over P! has a section Aso with negative self inter-
section number, which is denoted by a symbol X g, where —B = AN
if B > 0.

2. g 1s said to be a Hirzebruch surface of degree B after Kodaira.
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Let C' be a curve on Y.g.
Then C' ~ 0 Ay + €Fp, for some o and e .
Here, the symbol ~ means the linear equivalence.

C-F.=cand C-Axx=¢e— B -o.
Hereafter, suppose that C' # A.

Thus C' - Axo > 0 and hence, e > Bo.
If B> 0then Ax’ = —B < 0 and

such a section Ay is uniquely determined.



2.8. types of pairs. The symbol |0 x e, B; vy, 19, - -, 1] is said to
be the type of (Xp,C).

Assume that o > 2vy and e — 0 > Buy.
Moreover, if B = vy = 1 then assume e — o > 1.

When the above conditions are satisfied, the pair (X g, C) is said to
be # minimal .

op=0—2r1 >0,

olf B=0,thenu=¢e—0c > 0.

olf B=1 thenu=e—0—rv; > 0.

olf B>2 thenu=e— Bo>0.



Using elementary transformations, we get

Theorem A. If a pair (S, D) is not transformed into a line by

Cremona transformations, then

(1) (S, D) is obtained from a # minimal pair(model) (X g,C) by
shortest resolution of singularities of C' using blowing ups or;

(2) (S, D) = (P%,Cy), Cy being a nonsingular curve.



2.9. possible type and geometric type. If the pair (S, D) satisfy
o > 5and and Z2 > 0 which is derived from a # minimal pair (X g, C)
with type |0 x e, B; vy, 19, - -, 1], then

g=(0—1)(B-2)/2-) vlv—-1)/2>0,
j=1

Z7=(0—-2)(B-4) =) (vj—1)*>0.

~

Here, B = 2e — Bo.



Theorem B. Suppose that Suppose that (S, D) is obtained from
a # minimal pair(model) (Xg, C) by shortest resolution of singu-
larities of C.

Then (S, D) s relatively minimal.

In other words,for any (—1) curve I' on S, I'- A > 2.

Theorem 3. Suppose that (S, D) is relatively minimal and x| D] >
0. If g >0 then Z = D + Kg is nef.



2.10. graph.
We have the following inequality, which 1s closely related to the
inequality (1).

Theorem 4. Let g denote g — 1.
If o > 7, then

(1) 0 < w?+w+2+27.

Here, wj = w — g and w; = Kg- D.



2.11. lemma.

Lemma 1. Suppose that (S, D) is minimal.

(1) If B=0 or 2 then 20G — (0 —2)D*> = (2D + 0Kg) - D >0 .
(2) If B =1 then either (2D+0cKg)-D >0 or (3D+eKg)-D > 2.
(3) If B> 2 then 2D +0Kg)- D > o*(B — 2).



3. ESTIMATE OF ¢
3.1. case in which B > 3.

Lemma 2.

(1)If B> 2 then (2D +0Kg)-D > (26 —0B —20)0 > 0%(B —2).
(2) If B > 3 then (2D + 0Kg) - D > 07; in particular,
20G — (00 — 2)D? > o2, Hence, ow + 2D? > o°.
By Lemma 2(1), we get
(0 —2)w1+4g=02D+0Kg)-D > (2¢ — 0B — 20)0,
where w; = 2g — D?.



If B > 2then e = 0B + u; thus o = <5+ and
2 2

26—0B—20:<1—E>6—|—<1—|—E>u.
Theretfore,
2)  (0—2wr+472 (1= =)e+(1+2)u)o > (1— =)
— — — —)u — —)eo.
o wi + 4g > 7)e o > 7)€
Hence, ) ) o
0 — g
[ P -
( B)e_ . wl_l_o'
Thus,
2 — 2 0
(1——)e§0 w—(1—--)7.
B o o
Hence, if B > 3,9 > 0 and 0 > 6, then
2 — 2
(1—E)e§00 W,

and so



(3) o < B O'—2w< B
B—-2 o B —2

Thus we obtain the next result:

w < 3w.

Proposition 2. If g > 0,0 > 7 and B > 3 then (1 — %)e < w.



3.2. case when g = 0.
When g =0, we get

(0 —2)(w+1)—4=(c—2)w; +4g > ((1 —E)e%— (1+E)u)0.

B B
From this, it follows that
(0 —2)(w+1)—4 2 § 2 2

- :(1_;>w+1_52<1_E>6+(1+E>u




We shall prove the following result.
Proposition 3. I[f g =0,0 > 7 and B > 3 then (1 — %)e < w.

Proof.
Supposing that (1 — %)e > w, we shall derive © = 0. Actually, by
hypothesis,
— 2 1) —14 2 4 2
0 —2)w+1) =(l——w+1=—=2>w+(1+—=)u.
o o o B

Thus
6

2w 2
(4) 1> —4+—Fu+=>u>0.
o o B
£

Theretore, u = 0; thus e = 0 B and so 0 = 5. Moreover, recalling the
inequality (2),




(5= 21— 4= (0 — 2 +47 > (1 - 7)

and so )
(e —2B)w > (1 — E)62+6B —e.

Finally, we obtain

2 41B(B —1)
1 — — 2B — 1 —
(5) w > ( B)e+ 5+ Y- >
Therefore, it B > 3 then
< B <3
e <z oW S Sw.

62
Ea

2

E)e.

q.e.d.



4. FUNDAMENTAL EQUALITIES
By putting X = Z§:1 ij- and Y = Z§:1 vj, we obtain
o X = Ea +w — 37,
oY =B+20+w—7.
Here, B = 2e — 0 B.

(1) B=0. Then ¢ = 2v| + p,e = 0 + u for some u > 0 and
o B+ 20 =8| +4p + 2u,
o Bo = 817 + 2u1(4p + 2u) + 2pu + 2p*.



(2) B=1.Then o =2v| +p,e =0 4+ v| + u for u > 0,
e 5+ 20 =8 +3p+ 2u,
oBa=8V%+2V1(3p+2u)+2pu+p2.

(3) B =2. Then 0 = 2v| + p,e = 20 + u for some u > 0 and
e 5+ 20 =38v +4p + 2u,
o Bo = 817 + 2u1(4p + 2u) + 2pu + 2p*.

Defining w = 4 — oyg,we get w = 4 it B # 1. Further, w = 3 if
B = 1. Introducing an invariant £ by k = wp + 2u, we have

o B+ 20 =8u +F,

e Bo = 817 + 2kvy + p(k — 2p).



Proposition 4. Letting k be wp + 2u, w being 4 — 015, we have
the followmg (B <2 ) fundamental equalities:

oX—8V1+2ku1+k+w1—29,
oY =8 +k+wi.

Here k = kp — 2p2.
4.1. invariant Z. Compute Z = Y — X.

0<Z=v(w—7—k)—k—w +27.

V1—1

(6) Z=> jlri—it
=2

Here, t; denotes the number of j—ple singular points. (Zv equation)



Defining the invariant A to be £ — wy, we obtain

~

(7) A< —k—w;+27.



5. INVARIANT A;

Introduce an invariant A; by putting A1 = A — ¢, which satisfies
2/ —-D)-Z D-Z
A1:< 2) —T:Z-KS.

By the way;,
wi=w—g=D-Kg;

hence, A —w; = K% =8 —r.

If B <2 then we have the fundamental equalities

o X =82 + 2k + k +wy — 29,

oY =381 +k+ wi,
from which, we get

Y =8y+w =8+ A +r—8=8v]+r+ Ay,

where 77 = v; — 1.



Introdgce invariants 75 and Y by v; =v; — 1 and Y = Z;':l ;.
Then ¥ =Y —r and

Y =81+ k+ A

Introduce an invariant X by
r
X=) 7"=X-2Y+r,
j=1

which satisfies that

X = 8up? + 2k + k — Ay — 27.



Then
V1—1

Zr=mY =X = > (n—j)j— 1t
]=2
Moreover,denoting B — 2 by By,( here B > 1)
0< Z*=Byo(2+7] —0) — 77k — k+ 11A] + 23.

we obtaln

Boo(o — 2 —17) < =77k — k + 1A} + 24.



Proposition 5. If B > 3, then
(8) o(c —2—77) < vjA| + 2§ — 77k — k.

Introducing an invariant A* by A* = k& — Ay, we obtain

~

(9) 0< Z*=Byo(2+1v]—0) = N1+ A +29 — k.
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Graph of (x=4>1 and v=o>6)
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Proposition 6. If B < 2, then
(10) N7 < A+ 29 — k.

5.1. lemma.

Lemma 3. Suppose that (S, D) is minimal.
(1) If B=20 or 2 then

oAl +4G=02Z° -2 —2)g= (2D +0Kg)-Z > 0.
(2) If B =1 then either c Ay +4g > 0 or

eA1+6g=3D+eKg)-Z > 0.
(3) If B> 2 then A1 +4g > o(0 — 2)(B — 2).
(4) If B> 3 then 0 A +4g > o(o — 2); in particular,
oA+ 4G =0Z? = 2(0 —2)7 > o0 — 2).



5.2. lower estimate of A. Assuming B > 3, we shall obtain the
lower estimate of A.

Proposition 7. If B > 3 and v1 > 4 then A > 7.
If A =7 then the type is either [8x24,3; 412, 3, 25] or [8%25, 3; 414
where 0 = 0,1, 2.

Proof. omitted.



6. ESTIMATE OF e IN TERMS OF A
Replacing o by =5+, we get

2 2
_ 9% = (1 — 2 14 =
2¢ — Bo — 20 = ¢(1 B)—I—u( +B)
and then
cA1+4g=0A— (0 —4)g

> (2¢ — Bo — 20)(0 — 2)

e(1— %)(0 — ) tul + %)(a o).



Hence, supposing that ¢ > 5, we get

11) aA_w—Amzeu—%xa—m+uu+%xa—@.
Thus, when g > 0,

2
12 oA > el - =)o —2)
In other words,
Bo

(13) S B2 _2)




6.1. case when g = 0.

Next, we shall show the inequality : e < ( B_‘28>‘(70_2) even if g = 0.
First assume that ¢ = 0 and e > ( Bo 4

B—2)(0—2)
From the inequality

(14) oA >e(l —%)(0—2)—|—(1—|—3)u(0—2)—|-0—4§,

B
[t follows that
B —2)(c—2 2 2
e( 23(0 ) >0AZ6(1_E)<0_2>+<1+E>u<0_2)+0_4§'




Since g = 0 it follows that

OZ(14—%)@1,(0—2)4—(0—4?)(0—2):(1+%)u(0—2)+4—0.

Hence,

_ 4 )
(15) 1> 27" su+Z>u>o.
(0 —2) B

Therefore, u = 0 and so e = Bo. Hence,

0AZ€(1—%)(0—2)—|—4—0:(B—2)0(0—2)—|—4—0.




In other words,

AZ(B—Q)(0—2)+§—1.

By hypothesis, —1 < = — 1 < 0.

Hence, by e = Bo, we get
—2)(B — 2
A>(B-2)(0-2) = ]_); )

o




Thus,

— (B -2
A>(B-2)(0—9) = 2= 2B=2)
g
Consequently;,
Bo
16 < A
(16) ‘=B -2 -2
It B> 4 and o > 6, then
B 4
(17) e < T A<:x%4-3a
(B—2)(c—2) =271



Thus we obtain the next estimate.

Proposition 8. If B > 4 and 0 > 6, then
(18) e < 3A.

Next, we shall establish that even if B > 3.then e < 3A except for
certain cases.



7. NONBIRATIONAL INVARIANT ¢
Proposition 9. If g =0,0 > 7 and B > 3 then e < %w .

Therefore, it B > 3 then

e <

B_2w§3w.



Assume B < 2.

1) B = 0.

e < wi+w +2+27.
e < w?+ 3w+ 2.

3
e<§(w%+w1+2+2§).

3
e < §(w2+3w+2).

e < 2(wf +w +2+29).
e < 2(w? + 3w +2).



7.1. case when e > 3A.
In that follows, we assume e > 34 and o > 6.
By Proposition 8, we may assume that B = 3. Then

0< Z*=0(247]—0) —T7k — k+ 11 4; +27.

Recalling that o = p 4+ 207 + 2, we get
2411 —0=24+11—(p+2U1+2)=—p—T77.



Hence,

Z* = —o(p+77) — ik — k+ 1A + 27

=7i(—0c—k+A)—k—po+ A +2g
=vi(—0—k+A)—k—po+ A+g(l — 7).

But A -0 < 5 and —O—k—I—A<%—k:—4p—%“.
Therefore, since A < 0+%= p+ 1 +%, it follows that

5 ~
o<Z*<—71(4p+?u)—k—pa+A+§(1—u—1)
_ U ~ U _ -
<—V1(4p+?—2)—k—p0+§+p+2+g(1—ul).



Thus,
- U ~ U _ -
O§V1(4p—|—?—2>< —k+§+p+2—p0+g(1—1/1).

Supposing that p > 0, we shall derive a contradiction.
4p+ 2% — 2> 0 and

~ U u
—k+§+p+2:—ﬂk—%ﬁ+§+p+2

u
:—@@p+mo+§+p+2

U
:—2p2+2+p—pu—pu+§<0,

except for p =1 and u = 0.



7.2. case in which p =1 and u = 0. However, it p=1 and v =0
theno =1+2v,k=4,k=1,A <20 — 1 =2v;. Thus,

Z*=vl(—o—k+A) —k—po+A+7(1 -1
=712 —4+A) —1— (1+20) + A+ 71 —7)
< =571 — 2+ g(1 — 7).

But, if g > 0, then
—501 =2+ g(1 —77) < =571 — 2+ (1 — 7).



5
0§u_1(4p+§u—2><0.

This i1s a contradiction.

By p = 0, we have
Z* = —g(p+77) — Tk — k+ 1A + 27
= —2v1(7]) — 2rqu + 1Ay + 29
= —2Uj(u+vy)+ 1A+ 29
= —2v1(T] +u) + 1A + 29.



From the inequality (11), we have

oA > e(l- 2)(o~2) +u(l+ 2)(o ~2) + (0~ 47

_ 6(03— 2) N 5u(03— 2) P

Thus
(25) 30A > e(0c —2)+du(oc —2)+ 3(c —4)9.



Since e > 30 by hypothesis, it follows that

eoc > e(oc —2)+bu(oc —2)+3(c —4)7.
Hence,

2e > bu(o — 2) + 3(c — 4)7.



Since p = 0 we obtain

2e =2(30 +u) > bu(oc —2)+3(c —4)g
= 10u(r — 1) + 6(r1 — 2)7.

Hence,
2(6v1 +u) > 10u(v; — 1) + 6(r) — 2)9.
Thus,
12u > 10ury + 6119 — 129 — 1217;
bu + 61 > oury + 3v1g — 6g.
Therefore,

(26) 6u + 6g > Suvy + 3v1g — 6v = (bu+ 39 — 6)vy.



Thus we have the next two cases to examine, separately.

1) 5u 4+ 39 — 6 < 0. Then u =0, 1, 2.
Suppose that v = 1. Then

g<2- -l
I=273 7350
Hence, g = 0, —1.
(i)g=0.
Then

Z¥ = 22u (71 +u)+ v AL+ 29+ 2u
= 2V1<1 — Vl) — 2(1/1 — 1) + v Aj.



Since A < o —1=2v; — 1, it follows that
21/1(1 — I/1> — 2(V1 — 1) +11A; < 21/1(1 — I/1> — 2(1/1 — 1) < 0.
Thus Z* < 0, a contradiction.

(ii) g = —1. Then Ay = A+ 1 < 21 and so

Z¥ =27 +u)+11A1+29
—2V1<2V1 — 1) + Vl(Al) — 2
—2V1<2V1 — 1) + V1(2V1> — 2
0.

A



Thus, Z* = 0. Hencee =30+ 1 = 6V1-|-1,§ = 2¢ — 30 = 30 +2.
Since A = 2v7 — 1,1t follows that e — 34 =4 > 0.
(v — 1)
2

= 0.

g=32v; — Vv —r

Theretfore,

(27) r = ) _ 194



From this, it follows that vy —1 = 2, 3, 6 and we obtain the following
types:
(1) The type is [6 % 19, 3; 31°], A = 5.
(2) The type is [8 % 25,3: 414, A = 7.
(3) The type is [12 % 37,3; 713], A = 11.

Suppose that v = 2. Then

Hence, g < —1, a contradiction.
Therefore, u = 0.



2) bu+ 39 — 6 > 0.
Then since o = 21 > 6, it follows that 1 > 3 and thus

(28) 6u + 6g > (bu + 3g — 6)v; > 3(5u + 3g — 6).
This implies the next inequality:

6>3u+g>3u—1.
Hence, u < 2 and g < 6 — 3u.



Moreover,
Z* = 2 (T] +u) + 11 A1 + 29 + 2u
= —v1(2(7] +u) — Aj) + 29 + 2u.

Then Ay =A—¢g<2r;—1—7¢and so
201 +u)— A1 22 +u) —2v1+1+g=2u—1+7.
Hence,

Z* = - (207 +u) — Ay) + 29 + 2u
< —11(2u—14+7)+ 29 + 2u
= —v1(2u — 1)+ 2u — 11g+ 29
< 0.

This 1s absurd. Thus, £ = 0 is proved.



7.3. case when £ = 0.
e =2v] — 1 — Asatisfiese >0, since A <o —1=2v; — 1. From
(29) 0<Z*=v1(2+A -2y —7)+ 27,
it follows that
Z=1(l—e—9)+2g
=v(l —¢)+9(2 — 1)



If g > 0, then
Z8=v(l—e)+92—-v) <l —e),
Hence, ¢ < 1.
Otherwise,

Z*:V1<1—€)—(2—V1>:V1<2—€)—2.
Hence, ¢ < 1.



Thus we have the following cases:

()G = —1, 2% = 2y — 2,
(b)g=0,2% = v,
(c)g=1,2"=2,
(d)g=2,2" =4y,
()g=3,2"=2(3—1)
(2)e=1,2"=92— 1)
(a)gz—l,Z*:ul—Q,
(b)g=0,2*=0,
(c)g=1,2"=2—1



7.4. case when ¢ =0,g = —1.
In this case, A=2v; — 1,9 = 0.

If ] = 3,then Z* = t and so ¢ty = 4. The type is [6 * 18, 3; 3/3, 24].
g =>5-8—3t3 —4 = 0. Hence, t3 = 12 and the type becomes
6% 18,3; 312,24 and Z2 = 4.

If v; = 4then Z* = 2(ty + t3) and so t9 + t3 = 3. The type is
[8 % 24, 3; 4% 313 2f2]

g=7-11 — 6ty — 3t3 — tos = 0. Hence, 37 = 3t4 + t3.Then
ts = 1,t4 = 12 and the type becomes [8 * 24, 3; 412 3, 22]. 7% =6.



If v > 4 then 2% > v] — 2+ 2(v; — 3). From 2% =2 — 2, it
follows that vy < 6. Hence,vy = 5 or 6.

If v = 5,then 2% = 3(to+t4)+4t3 and so 3(t9+14)+4t3 = 8. Then
t3 = 2 and the type is [10%30, 3; 5%, 3%]. g = 126—(10t5+6) = 0. From
this it follows that ¢5 = 12 and the type becomes [10 * 30, 3; 512, 3].

If ) = 6,then Z* = 4(t9 + t5) + 6(t3 + t4) = 10 and so to + t5 =
t3+t4 = 1. Then the type is [12 * 36, 3; 6%6, 5!5, 4% 313 2f2]



o g = 187 — (15tg + 10t5 + 6t4 + 3t3 + t9) = 0,
oty +ty =13+ 14 =1
These imply to = 1,t4 = 1,t5 = 12. The type is [12 * 36, 3; 612, 4, 2].



7.5. case when € =0,qg = 0.

In this case, A =211 —1,g =1 and Z2* = vy. Then vy = Z2* >
2(v — 3). Hence, v < 6.

We have the four cases to examine, separately:.

(1) v; = 3. Then Z* =ty = 3. The type is [6 * 18, 3; 313,27,

g=295-8—3t3 —3 = 1. Hence, t3 = 12 and the type becomes
6% 18,3; 312,29 and Z2 = 5.

(2) vy = 4. Then Z* = 2(ty + t3) = 4 and so ty + t3 = 2. The type
is [8 24, 3;4% 383 202,

g=7"7-11 — 06ty — 3t3 —to = 1. Hence, 37 = 3ty + t3. Then
ts = 1,t4 = 12 and the type becomes |8 * 24,3;412,3,2]. 72 =
6-20—9-12—4—-1=7TA=27%=7



(3) 1 = 5. Then Z* = 3(ty + t4) + 4t3 = 4 and so t3 = 1,19
ty = 0. The type is [10 * 30, 3; 55, 3].

g=9-14 — 10t; — 3 = 1, which has no solution.

(4) 1 = 6. Then Z* = 4(t9 +t5) + 6(t3 + t4) = 6 and so t3+ ty4
1,ty = t5 = 0. The type is [12 * 36, 3; 66, 4%4_313].

o g = 187 — (6t4 + 3t3) =1,

oi3+1y =1
These imply t4 = 1,t5 = 12. The type is [12 * 36, 3; 612, 4].



7.6. case when ¢ =0,g = 1.

In this case, A =2v;1 — 1,9 =2 and Z* = 2. From Z* > nuy — 2,
it follows that v = 3 or 4.

If v; = 3,then Z* = t, = 2. The type is [6 * 18, 3; 313, 22].

g=>5-8—3t3 —3 = 2. Hence, t3 = 12 and the type becomes
6% 18,3; 3% 2] and Z° = 5.

If vy; = 4,then 2% = 2(t9 + t3) = 2 and so t9 + t3 = 1. The type is
S % 24,341 313 2f2).

g = 7-11 — 6ty — 3t3 — to = 2. Hence, 37 = 3t4 + t3.Then
ts = 1,t4 = 12 and the type becomes [8 * 24, 3; 412, 3]




7.7. case when ¢ =0,g = 2.
In this case, A =21 —1,g =3 and Z* =4 — vy.

If 4 # vy then 4 — vy > v — 2; thus v = 3.
If 1 = 4,then Z* = 0 and so t3 = 0. The type is [8 * 24, 3; 4%4).
g="7-11 — 6ty = 3, which has no solution.

If ] = 3,then Z* = 1. Then ¢t = 1 and The type is [6%18, 3; 33, 2].
g =05-8—3t3 —3 = 3. Hence, t3 = 12 and the type becomes
6% 18,3;31%,2] and Z? = 6.



7.8. case when ¢ =0,qg = 3.
In this case, A =211 — 1,g =4 and Z* = 2(3 — vq).
Then v = 3 and the type becomes [6 * 18, 3;3!%] and Z% = 7.

7.9. case when ¢ =1, = —1.

In this case, A =211 —2,g=0and Z2* =1y — 2.

(1) v; =3. Thentg =1 and g = 40 — 3t3 — 1 = 0. Hence, t3 =13
and the type is [6 * 18;313,2]. In this case, 7% = 3,A = 4. Here,
18 > 3A =12.

(2) vy > 3.

Since Z* = vy — 2, it follows that to +1¢,,_1 = 1.

Note that by v; > 3 we have

mm -y, -2 -1
o M7 2

g = (21—1)(3r—1)— by 1= 0.



It 9 =1 then ¢, 1 = 0 and hence,
12v] — 10 — (v — ].)tyl = (.
Thus,

vy — 1 vy —1
Therefore, 1 = 3, a contradiction.

It 9 =0 then ¢, 1 = 1 and hence,

g = (2V1 — 1)(3V1 — 1) — V1(V12— 1>t1/1 — (yl — 2)2(V1 — 1> = 0.

1y — 7 — (v — 1)?5,/1 = 0.



Thus,
, _11V1—7_11+ 4
Ty -1 vy — 1
Therefore, v; = 5 | because, v| > 3,9 = 126 — (10t5 + 6) = 0. The
type becomes [10 * 30, 3; 512, 4].
It 9 =1 then ¢, 1 = 0 and hence,

1201 — 10 — (v — 1>tV1 = 0.

Thus,
1201 — 10 2

v — 1 vy — 1
Therefore, vy =3 and t3 =13. g =5-8 — 3 X 13 — 9 = 0. Hence,
ty = 1 and the type becomes [6 * 18, 3; 3!, 2] and Z* = 3. Note that
A=3+1=4=2—2




It 9 =0 then ¢, 1 = 1 and hence,
v (v —1) (1 —2)(r — 1)

g=2v; —1)3Br —1) — 5 ty, — > = 0.
1y —7— (v — l)tyl_l = 0.
Thus, -
11 — 4
by, = =11 .
vl vy — 1 " vy — 1

Therefore, v; =5 and t5 = 12,4 = 1. Then g = 126 — (10t5+6) = 0.
The type becomes [10 * 30, 3; 512, 4].



7.10. case when ¢ =1,g = 0.
In this case, A =21 —2,g=1and Z* = 0.
It follows that

Vv — 1
g=02uv —1)Br; — 1) — ( 5 )tyl = 1.
Hence,
12v] — 10 — (v — ].)tyl = (.
Thus,
12v1 — 10 3
vl vy — 1 " vy — 1

Therefore, v1 = 4 and t3 = 0. The type is [8 * 24,3;4t4].

7-11 — 6t4 = 1, which has no solution.

7.11. case when ¢ =1, = 1.
But this case does not occur.



Therefore, we obtain the following

Theorem 5.If B > 3 and 0 > 4, then e < 3A except for the

following cases:

(=1,
(a) The type is [6 % 19,3;31°], A = 5.
(b) The type is [8 % 25,3;414], A = 7.
(c) The type is [12 % 37,3; 719], A = 11.

(2)u=0,

(a) The type is [6 * 18, 3; 312, 25], 0 <4,A=211 —1=05,

(b) The type is [8 % 24,3;412.3,29], § <2, A =20, —1 =17,

(c) The type is [10 % 30,3; 512, 3], A =20 — 1 =9,

(d) The type is [12 % 36, 3; 6%, 4, 25], 0 <1,A=211—1=11,




