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1. CASE IN WHICH B > 3
Lemma 1.
(1) If B > 2 then (2D +0Kg)-D > (2¢ — 0B — 20)0 > 0?(B — 2).

(2) If B > 3 then (2D + 0Kg) - D > 0?; in particular,
20G — (0 — 2)D? > o2, Hence, owy + 2D? > o2,

By Lemma 1(1), we get
(0 —2)w1 +4g= (2D + 0Kg)-D > (2e — 0B — 20)0,

where w; = 2g — D?.
By the way, if B > 2 then e = 0B + u; thus 0 = &% and

B
2 B —20=(1 2)+(1+2)
e— —20=(1-=)e —u.
o o B B
Therefore,
(0 -2 +47 > (1 - e+ (1+ o > (1 - =)
g w1 g = Be Bua_ Bea.
Hence,
2 -2 4q
1-2)e<Z=20+ 2
Thus,
2 -2 6
(1-Fle<™—w-(1-)7
Hence, if B > 3,9 > 0 and ¢ > 6, then
2 -2
(1—§)e§00 w,
and so
< B o-2 < B <3
¢S g5, W<p ¥ S

Thus we obtain the next result:
Proposition 1. If g > 0,0 > 7 and B > 3 then (1 — £)e < w.

1.1. case when g = 0.
When g =0, we get

2 2
(a—2)(w+1)—4=(a—2)w1+4§2((1—§)e+(1+§)u)a.
From this, it follows that
(0 —2)(w+1)—4 2 6 2 2
=(1-2= ——>(1-= Zu.
o (1 U)w+1 0_(1 B)e+(1+B)u

We shall prove the following result.

Proposition 2. If g=0,0 > 7 and B > 3 then (1 — %)e < w.
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Supposing that (1— %)e > w, we shall derive v = 0. Actually, by hypoth-
esis,
)

(0 —-2)(w+1)—4

g

2 6 2
=(l-—)Jw+l—-=>w+(1+ =)u.
o o B

Thus 5 6 5
1>—w+—+u+—>u20. (3)
o o B

Therefore, u = 0; thus e = 0B and so 0 = 5. Moreover, recalling the

inequality (1),

3

] e

)

S

(%—2)w1—4:(0—2)w1+4§2(1—
and so 5
(e —2B)w > (1—§)62+GB—€.

Finally, we obtain

2 4B(B —1) 2
1-—= 2B — 5+ ————*
w > ( B)e+ 5+ p—

Therefore, if B > 3 ,then

e < w < 3w.

B -2

In that follows, we assume B < 2.

2. CASE IN WHICH A > 1

First we assume A=k —wy; > 1 and k& > 0.

2.1. case in which Z >0.
Suppose that Z2 =11Y — X > 0. Then
z > — 1.
Recalling that
gzul}’—Xz—ulk—lNﬁ—w1+2§,

we obtain

v —1< = —k—w +27.
Thus,

v+ —1< —]NC—W1+2§,
and

21/1§I/1—)\V1+1—]~€—W1+2§. (5)
Hence, ~
o=2v1+p< (1—)\)V1+1+p—k—w1+2§.

We distinguish the various cases according to the value of B.
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1) B=0.
Then by hypothesis, recalling that vy > 2,

e=oc+u=2v1+p+u
<A=-MNn+1l+p—k—w +29+u
<20 =N +1+4p—k—w +27+u
=21 —k4w)+1+p—Fk—w +29+u.
=3—2k+p—Fk+w + 27+ u.

Therefore, by k = 4p + 2u,

Wtw+29—e>wl +w+29— (1—2k+p—k+w +29+u)
=W+ k4+2%k—1-p—u
=it k—14+k+3p+u
> 0.
Thus we get
e <witw +2+27. (6)

2) B=1.
Then by hypothesis, recalling that vy > 2,

e=o0c4+u+v,=3r1+p+u
3 -

g5((1—)\)7/1+1—k—w1+2§)+u+p
3 ~

§§(2(1—)\)+1—k—w1+2§)+u+p
3 ~

§§(3—2k+w1—k+2§)+u+p.

Therefore,

3
“(wi+2429) —e

2
3 3 -
2§(w%+w1+2+2§)—(5(3—2k+w1—k—w1+2§)+u+p)
3 -
Zg(w%—1+k)+3k—p—u
>2k+2p+u >4
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Thus we get

3
e<§(w%+w1+2+2§). (7)

3) B=2.
By the similar argument, we get

e < 2(w} +wi +2+29). (8)

3. CASE IN WHICH zZ = 0

Suppose that 1Y — X = Z = 0. Then Vi = --- = 1, and hence,X =
rv?,Y =rvy. Thus

o (r—8)v? =2k +k+w — 27,
o (r—8v =k+ w.

3.1. case in which £ > 0.
Hereafter, we suppose that k& > 0.

3.2. case in which r > 9.
(1) Suppose that r > 9. Then vy < (r — 8)v; = k + wy. Thus,

v < k+wr.
We distinguish the various cases according to the value of B.

(i) B=0.
In this case,

e=oc4+u=2v1+p+u<2k+2w +p+ u.
Since
A <A< —k —w + 27, (9)
it follows that

WA w +204+2> Wt w A+ k4w +2
> Wl twr + 20+ k4w +2
:w%+w1+2k‘—2w1+l~c+w1+2
= w42+ K42k

Hence,

W +20+2> 0 +2+k+ 2k (10)
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Furthermore, from (9) and (10), it follows that

W w +2042—e>wi + 24 k4 2k — (2k 4 2w +p + )
>wi—2w +2+k—p-u
(w1 — 1)+ 14+k—p—u.

Here, if p > 0 then k—p—u = p(dp+2u—2p) —p—u = 2p* —p+u(2p—1) > 0.
However, if 1 = 2 and p = 0 then ¢ = 4 and e = 4 + u. Moreover,

Wt w +2+2—e>w? + 242k — (4+u)
>24+4u—4—u
=3u—2>0.

Therefore,if 11 > 2, then
e <wd 4w +2+27.
(ii)) B = 1.
In this case,
e=oc4+u+vi =3 +p+u<3k+ 3w +p+ u.

Furthermore, by (10), we obtain

3 3 N 3
@ wr+25+2) —e 25(wf + 24+ k+2k) - 52k + 20) —p—u

3 ~
2§(w%—2w1+2+k)—p—u.

By the same argument as above, we conclude that the last term is positive
and hence,

3
e<§(w%+w1+2+2§).

(iii) B = 2.
In this case, we obtain

e < 2(wi + w1 + 2 +27). (11)
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3.3. case in which r = 8.

(2)

Suppose that » = 8. Then
o 0= (r—8)v} =2k +k+w — 27,
e 0=(r—8)uv =k+uwi.
Hence,w; = —k < —3. Furthermore, A = kK — w; = 2k and
—k—wi +27
— %
We distinguish the various cases according to B.

21/1 =

(i) B=0.
Then,
—k—wi 427
e=0+u=2u1+p=+g+p+u.
Moreover,
—k—wi 427
Wt +24+2—e=wtw +2+27— (LT )

k

1.k
= k(k = 1)+ 14251~ 1)+ —p—u

- 1.k
>k(k =D+ 1+ @A+ htw)l-2) 7 —p—u

- 1.k
=k(k—1)+ 1+ @k +h-R)(1 - )+ —p—u

=k +k—2+4+k+3p+u>0.

Thus
Wi 4w +24+27—e>0.
(ii)) B = 1.
Then,
3 —k—w +27
e:0+u+1/1:31/1+p+u:§(—k1 g)+p+u.
Moreover,

3 3 3 —k—w +27
§(W%+w1+2+2§)—e=§(Wf+W1+2+2§)—§(Tlg)_p

=k 4+k—-2+4+k+3p+u>0.
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Thus 5

5(w%+w1+2+2§) —e>0.
(iii) B =
Then,

—k— 29
e=20+u=41 +2p:4(++g) +2p + .

Moreover,
Thus

2wl + w1 +2+279) —e>0.

3.4. case in which r < 7.
(3) Suppose that r < 7. Then letting s be 8 —r > 0, we get

. suf = —2kvy — k— w1 + 2g,
o svy = —k —wi.
Since 11 < sv; = —k — wy, it follows that
o< —2k—2w1 + p.

We distinguish the various cases according to 3.

(i) B=0.
Then,

e=o0+4+u< -2k —2w; +p+ u.
Moreover,

w%+w1+2+2§—e2w%+3w1+2+2§+2k—p—u
>wi(3+w)+2+2g+ (8—1)p+ 3u.

The function defined by
Fo(r) =23+ 2)+2+29+ 2w — 1)p + 3u (12)
has minimal values at x = —1 or —2. By
Fo(-1)=Fy(-2)=-242+24+ w—-1p+3u> 2w—-1)p+3u—2
Fo(z) > 0if k > 0.
(ii)) B = 1.
Then,
e=oc+vi+u<—-3k—3w +p+u.

Moreover,
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3 3
5(w%+w1+2+2§)—62E(w%+3w1+2+2§+2k)—p—u

3
§(W1(3 +w1)) + 3439+ 8p+ 3u

—3 437+ 8p + 3u
2.

Y

VIV

3.5. case in which k£ = 0.
(4) Suppose that £k = 0. Then
o (r—8)v¥ =uw —2g,
o (r—8)v =wi.
Recall that A = —w; > 1. Then g —w = —w; > 1l and so g > 0,7 < 8.
Letting s = 8 — r, we get

o svl=—w + 27,
® S = —wi.
Then o = 211 = % and so

2w
w%+w1+2+2§—0=w%+w1+2+2§+T1

s+ 2 s+ 2
=+ —5=)"+2+25—(

2
2s 2s )

which is positive.
We distinguish the various cases according to B.

(i) B=0.
Then e = 0 = 217 and

Wi —w 42 —e=57 —2su + 5P 42 —e
= s} — 2su1 + s + 2 — (211)

= (s> + )2 = 2(s+ 1Dy +2

But since v > 2, it follows that
(s° + )i =25+ D1 +2>4(s> +5) —d(s+1) +2=4s> -2 > 2.

(ii)) B =1.
Then ¢ = 0 + 11 = 311 and

3 3
E(w%—w1+2§)—e=i(w%—w1+2§—21/1) > 3.
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Therefore,

w

e> —(w} —w +279) — 3.

2
(iii) B = 2.
Then e = 20 = 47 and so

e > 2(w? —wy +27) — 1.
4. CASE IN WHICH A < 0

Suppose that £ > 0. By hypothesis, A =k —w; < 0.
By applying Lemma of Tanaka and Matsuda to this,

V=(k+w1)2—(2k1/1+l~§+w1—2§) > 0.

Thus )
— 297G
0:21/1+p§k+2w1+%1+g (13)
We distinguish the various cases according to 3.
(1) B=0.
Then , e =0 + v and
2 _ 29
e=0+u§k+2w1+%l+g+p+u. (14)

We shall prove the following
e §w%+w1+2§+2.
By 5 and w; > k, we get

1
w%+w1+2§+2—62(1—E)(w%—w1+2§)+k—p—u—2k+2
1
2(1—E)(kQ—k+2§)+3p+2u—2k+2

1
:(k—2)2—1+2(1—E)§+3p+2u.

If k=2 then p=0,u =1 and so
1
(k—2)2—1+2(1—E§+2:1+§2920.
Otherwise (k —2)? —1+2(1 — £)g) + 3p+2u > 0, that completes the proof.

(2) B=1.
Then , e =0+ u+ v, and

P —wi +2g

3
e=0+u+1/1=3V1+p+u§k+§(2w1+w1 P )+p+u (15)
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We shall prove the following

e<

N W

(wf + w1 +27+2).

5. ESTIMATE OF e IN TERMS OF A
Replacing o by <5+, we get

2 2
26—30—20’26(1—§)+U(1+§)

and then
cA1+4g=0A— (0 —4)g
> (2e — Bo —20)(0 — 2)

= (1= 2)(o —2) +ull + )0~ 2).

Hence, supposing that ¢ > 5, we get

2 2
oA—(0—4)§ze(1—§)(o—2)+u(1+§)(a—2). (16)
Thus, when g > 0,
2
oA > e(1- 2o~ 2) (17)
in other words,
Bo
< 18
‘=EB-2(-2 (18)
5.1. case when g = 0.
Next, we shall show the inequality : e < wiﬁﬁ even if g = 0.
First assume that ¢ = 0 and ¢ > (B_S%A.
From the inequality
2 2
UAZe(l—E)(0—2)+(1+§)u(0—2)+0—4§, (19)

it follows that
(B=2)(0—2)
‘ B
However, since g = 0 ,it follows that

>0A2e(l—%)(0—2)+(1+%)u(0—2)+0—4§.

0> (14 2)ulo ~2)+ (0~ 47)(0 ~2) = (L+ 2)ulo ~2) +4 0.

Hence,

—4 2
7 >u+—u2u20. (20)

> = B
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Therefore, u = 0 and so e = Bo. Hence,
2
aAze(l—E)(a—2)+4—0=(B—2)a(0—2)+4—0.

In other words,

Az(B—Z)(o—2)+§—1.

By hypothesis, —1 < % — 1< 0. Hence, by e = Bo, we get

A> (3_2)«,_2):6%-
Bo
Consequently,
Bo
< —— A 21
‘=B-2)(-2 21
If B >4 and o > 6, then
B 4
e<— B9 425, 34 (22)
(B-2)(c—-2) —2 1

Thus we obtain the next estimate.
Proposition 3. If B > 4 and 0 > 6, then
e < 3A. (23)

Next, we shall establish that even if B > 3,then e < 34 | except for
certain cases.

6. CASE WHEN e > 34

In that follows we assume e > 34 and o > 6.
By Proposition 3, we may assume that B = 3. Then

0< 2" =0(2+477 —0) — 7k — k + 114, + 23.
Recalling that o = p + 277 + 2, we get
2+ —0=2+U1—(p+201+2)=—p-7r.

Hence,

Z¥=—o(p+77) — Uik —k+ 11 A + 27
Ti(—0 —k+ A1) —k —po+ A1 +27
Ti(—0—k+ A)—k—po+ A+7g(1 —17).
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But A—o<gand o —-k+A< 5 —-k= —4p—%“. Therefore, since
A<o+75=p+ur + 3, it follows that

5 ~
0< 2" < —_1/1(4p+?u)—k—pa+A+§(1—_1/1)
5 ~
< —_1/1(4p+—; —2)—k—p0+§+p+2+§(1—_1/1).

Thus,
_ ou - u _ —
0§y1(4p+?—2)<—k+§+p+2—po+g(1—y1).

Supposing that p > 0, we shall derive a contradiction.
4p + %“ —2>0and

~ u u
—k+§+p+2:—p(k—2p)+§+p+2
u
:—p(2p+2u)+§+p+2

u
=-2p*+2+p—pu—pu+ -

<0,
3

except for p =1 and u = 0. R
However,ifp=1and u=0theno =142,k =4k=1,A<20-1=
2v1. Thus,

Z*=7i(—0—k+A) —k—po+ A+7g(1 —77)
Ti(—=1 =20 —44+A)—1—(1+201) +A+g(1 —77)
< =507 — 2+ g(1 — 7).

But, if g > 0, then
5T —2+4g(1 —7) < =T —2 < —12.
Moreover, if g = —1, then
501 —24g9(1—177) = -4 — 1 < 0.
U

0 <7i(dp+ 5 —2) <0.

This is a contradiction. Thus, p = 0 has been established.
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By p =0, we have
Z*=—o(p+71) — ik —k+ 1141 + 25
= 2 (1) — 2riu+ 1 A1 + 29
=-2U(u+v)+ 1A +27
= 2 (71 +u) + 14 +23.

From the inequality (16), we have

04> e(l - 2)(o~2) +u(l +2)(0 ~2) + (0~ 47

_ 6(03— 2) N 5u(03— 2) (0 — 47

Thus
30A > e(o —2) +5u(oc —2) + 3(c — 4)7.
Since e > 30 by hypothesis, it follows that

eo > e(o—2) +5u(oc —2) + 3(c — 4)7.
Hence,

2e > bu(o — 2) + 3(c — 4)7.
Since p = 0 we obtain

2¢ =2(30 + u) > 5u(oc —2) + 3(c — 4)g
= 10u(r; — 1) + 6(r1 — 2)7.

Hence,
2(6vy +u) > 10u(vy — 1) + 6(v1 — 2)7.
Thus,
12u = 10uvy + 6v19 — 129 — 12v7;
6u + 61 > duvy + 3v1g — 69.
Therefore,

6u + 69 > duvy + 3119 — 611 = (bu + 37 — 6)v;.

Thus we have the next two cases to examine, separately.

1) 5u+3g — 6 < 0. Then v = 0,1, 2.
Suppose that u = 1. Then

ou 1
g<2——=-<1.
92277373
Hence, g = 0, —1.
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() 7 = 0.
Then

Z¥ =2 (1 +u) + 1A + 29+ 2u

= 21/1(1 — 1/1) — 2(1/1 — 1) + 1Ay,

Since A < o — 1 =2v; — 1, it follows that
21/1(1 — 1/1) — 2(1/1 — 1) + 114 < 21/1(1 — 1/1) — 2(I/1 — 1) < 0.
Thus Z* < 0, a contradiction.

(ii)) g = —1. Then A; = A+ 1 < 21 and so

Z* = —21/1(1/_1+ u) + 1A+ 29
= —21/1(21/1 - 1) + Vl(Al) -2
§ —21/1(21/1 - 1) + V1(21/1) -2
=0.

Thus, Z2* = 0. Hence,e = 30 + 1 = 61y + 1./§ = 2e — 30 = 30 + 2. Since
A =2v1 — 1,it follows that e — 34 =4 > 0.

141 (1/1 — 1)

=0.
2

g=302v, — vy —r

Therefore,
Lo @m0 6
vy — 1 vy — 1
From this, it follows that 1 — 1 = 2, 3,6 and we obtain the following types.
(1) The type is [6 * 19,3;3'5], A = 5.
(2) The type is [8 x 25,3;4%4], A = 7.
(3) The type is [12 % 37,3;7'3], 4 = 11.

(26)

Suppose that u = 2. Then

§§2—?=?<1

Hence, g < —1, a contradiction.
Therefore, u = Q.

2) 5u+3g—6 > 0.
Then since o = 21 > 6, it follows that 11 > 3 and thus

6u + 6g > (bu+ 39 — 6)v1 > 3(5u + 3g — 6). (27)
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This implies the next inequality:

6>3u+9g>3u—1.

Hence, u <2 and g < 6 — 3u.
Moreover,

Z' =2+ u)+ A + 29+ 2u
= -1 (2(71 + u) — A1) + 29 + 2u.

Then A; =A—-9g<2r;—1—7and so
201 +u) — A1 >201+u) — 21 +1+g=2u—-1+7.

Hence,

Z¥=—1 2 +u) — A1)+ 29+ 2u
<—1(2u—1+479)+ 27+ 2u
=-—v1(2u—-1)+2u—1g+27
< 0.

This is absurd. Thus, k£ = 0 is proved.

7. CASE WHEN k£ =0

€ =211 — 1 — A satisfies € > 0, since A < 0 — 1 =21, — 1. From
0< 2" =v(2+A4A-2v —7)+27, (28)
it follows that
Z'=1(l-e—-9)+2g
=vi(l—¢)+3(2—1w).

If g > 0, then
Z'=v(l-¢e)+g2—-11) <vi(l —e).
Hence, € < 1.
Otherwise,
Z'=v(l—-¢g)—2—-r)=1r2-¢) -2
Hence, € < 1.

Thus we have the following cases:
(1) e=0,2"=114+7(2— 1)
(a) g=—-1,2" =211 — 2,
(b) 9=0,Z% =,
(¢)g=1,2*=2,
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(d) g=2,2*=4—y,
() 7=3,2*=2(3 —11).
(2) e=1,2*=79(2 - 1)
(a) §=—172*2U1—27
(c)g=1,2*=2—u,.
7.1. case when ¢ = 0,9 = —1.

In this case, A =211 — 1,9 = 0.

If vy = 3,then Z* = t5 and so to = 4. The type is [6 * 18, 3; 33, 21].
g = 5-8—3t3—4 = 0. Hence, t3 = 12 and the type becomes [6%18, 3; 3!2, 24]
and Z2 = 4.

If 1 = 4,then Z* = 2(t3 + t3) and so t2 + t3 = 3. The type is [8 x
24, 3; 414, 3tz 2t2],

g = 7-11 — 6t4 - 3t3 - tQ =0. Hence, 37 = 3t4 + t3.Then t3 = 1,t4 =12
and the type becomes [8 * 24,3;4!2,3,2%]. Z2? = 6.

If 1y > 4,then Z* > vy — 24 2(1y — 3). From Z* = 211 — 2, it follows that
v1 < 6. Hence,vy =5 or 6.

If vy = 5,then Z* = 3(t9 + t4) + 4t5 and so 3(ty + t4) + 4t3 = 8. Then
t3 = 2 and the type is [10 * 30,3;5'%,3%]. g = 126 — (10t5 + 6) = 0. From
this it follows that t5 = 12 and the type becomes [10 * 30, 3; 5'2, 32].

If 1 = 6,then Z* = 4(to+1t5)+6(t3+1t4) = 10 and so to+t5 = t3+t4 = 1.
Then the type is [12 x 36, 3; 6%, 5% 4t 3ts 2l2],
e g= 187 — (15t6 + 10t5 + 6t4 + 3t3 + tg) = 0./
o to+i5=13+14=1.
These imply to = 1,4, = 1,15 = 12. The type is [12 * 36, 3; 62,4, 2].

7.2. case when ¢ = 0,5 =0.

In this case, A =2v; — 1,9 =1 and Z* = v;. Then v; = Z* > 2(v — 3).
Hence, v; < 6.

We have the four cases to examine, separately.

(1) v1 = 3. Then Z* = t, = 3. The type is [6 * 18, 3; 33, 23].

g = 5-8—3t3—3 = 1. Hence, t3 = 12 and the type becomes [6%18, 3; 3!2, 23]
and Z% = 5.

(2) v1 = 4. Then Z* = 2(t2 +t3) = 4 and so tg + t3 = 2. The type is
[8 24, 3; 414 31z 202],

g = 7-11—6t4—3t3—t2 =1. Hence, 37 = 3t4+t3. Then t3 = 1,t4 =12 and
the type becomes [8%24,3;4'2,3,2]. Z? =6-20—9-12—4—-1=7, A= 22 =1.

(3) vy = 5. Then Z* = 3(t2 + t4) + 4t3 = 4 and so t3 = 1,t2 = t4 =0.
The type is [10 x 30, 3; 5'5, 3].
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g=9-14—-10t5 — 3 = 1, which has no solution.
(4) v1 = 6. Then Z* = 4(t2 +t5) + 6(t3 +t4) =6andsoty3+ts =11t =
ts = 0. The type is [12 * 36, 3; 6%, 4% 3],
o g =187 — (6t4 + 3t3) =1,
o t3+1t4=1.
These imply t4 = 1,6 = 12. The type is [12 * 36,3;6'2, 4].

7.3. case when ¢ =0,5=1.

In this case, A =211 — 1,9 =2 and Z2* = 2. From Z* > nuy —2, it follows
that 11 = 3 or 4.

If v; = 3,then Z* =ty = 2. The type is [6 * 18, 3; 32, 22,

g = 5-8—3t3—3 = 2. Hence, t3 = 12 and the type becomes [6%18, 3; 3!2, 22
and Z? = 5.

If 11 = 4,then Z* = 2(ty + t3) = 2 and so t9 + t3 = 1. The type is
[8 % 24, 3; 4%, 3ta_ 2t2],

g="7-11 -6ty — 3t3 — ta = 2. Hence, 37 = 3t4 + t3.Then t3 = 1,t, = 12
and the type becomes [8 * 24, 3; 412 3]

7.4. case when ¢ = 0,7 = 2.
In this case, A =211 — 1,g=3 and Z2* =4 — vy.

If 4 £ vy then 4 — vy > v — 2; thus vy = 3.
If vy = 4,then Z* = 0 and so t3 = 0. The type is [8 * 24,3;4%4]. g =
7-11 — 6t4 = 3, which has no solution.

If vy = 3,then Z* = 1. Then t, = 1 and The type is [6 * 18, 3; 33, 2].
g = 5-8—3t3—3 = 3. Hence, t3 = 12 and the type becomes [6x18,3; 32 2]
and Z? = 6.

7.5. case when € =0,g = 3.
In this case, A =2v; — 1,g =4 and Z* = 2(3 — 1y).
Then v; = 3 and the type becomes [6 * 18, 3;3'?] and Z% = 7.

7.6. case when ¢ =1,g=—1.
In this case, A =211 —2,g =0 and Z2* =1y — 2.
Since Z2* = v; — 2, it follows that t3 +t,,—1 = 1. Note that

1/1(1/1—1)t i — (1/1—2)(1/1—1)
2 7 2

g= 2 —1)Bv; — 1) — ty,—1 =0.

If ¢, = 1 then ¢,,_; = 0 and hence,
121/1 — 10 — (1/1 - 1)t,,1_1 = 0.

Thus,
1211 - 10 2
tyy-1=——=12 .
n=l vy — 1 + vy — 1
Therefore, 1 = 3and t3 = 13. ¢ = 5:8—3x13—19 = 0. Hence, to = 1 and the
type becomes [6%18, 3; 312 2] and Z? = 3. Note that A = 3+1 =4 = 21y - 2.
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If 9 = 0 then ?,, 1 = 1 and hence,

9= (on —n —1) - 2=, 2D

Thus,

v —1 - v —1
Therefore, v, =5 and t5 = 12,%4 = 1.
If vy = 5,then g = 126 —(10t5+6) = 0. The type becomes [10%30, 3; 52 4].

7.7. case when ¢ =1,53=0.
In this case, A =21 —2,g=1and Z* = 0.
It follows that

) _ 1/1(1/1 — 1)

g = (21/1 — 1)(31/1 -1 9 tVl =1
Hence,
121/1 — 10— (1/1 - 1)25,/1,1 =0.
Thus,
1211 - 10 3
ty -1 = —— =12
vi-1 vy — 1 + vy — 1

Therefore, v, = 4 and t3 = 0. The type is [8%24,3;4%]. g =7-11 -6ty = 1,
which has no solution.

7.8. case when ¢ =1,g=—1.
But this case does not occur.

8. ESTIMATE OF D?

Assume that o > 4.
Supposing B < 3. we have two cases:
(1) fB#1or B=1and 30 —2e <0 then (0 Kg+ 2D)-D > 0. Hence,

(0Ks+2D)-D = (0Z — (0 —2)D)-D =20G— (6 —2)D* > 0.  (29)

(2) Otherwise, B =1 and 30 — 2e > 0. In this case, the type of the pairs
coincides with that of the pair of plane type [e;vg,v1,- -+, 1] where vy =
e—o. Then 2e—30 = 31y —e, and (eKo+3C)-C = (e—3vp)vy > vy =e—o.
Thus

T
(6K5+3D)'D=Z(€—3I/j)1/jZVO=€—0=U+I/1. (30)
§=0
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Hence,
(eKs+3D)-D = (eZ—(e—3)D)-D =2ej—(e—3)D* > e—0 =u+v; > 0.
(31)
Thus we have two cases: If B# 1 or B =1 and 30 — 2e > 0 then
20 — (0 — 2)D?* > 0. (32)
In other words,
2
<=2y (33)
o—2
Otherwise,
2e
D? < 7. 34
=e—37 (34)
Therefore, under the assumption that g > 0, if 0 > 4 or if e > 6 then
D? < 4g. (35)
Moreover, if ¢ > 5 or if e > 7 then
10 7
D2 S ?g or D2 S 5? (36)

Graph of genus and 0°2, 3
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8.1. case when o = 4. We shall enumerate types which satisfy o = 4 and
D? > g
39
We distinguish the various cases according to 3.
1) B=0. Thene = o4u = 4+u and so D? = 32+8u—4r,§ = 8+3u—r,r
being the number of singular points. By

1 1 —3u —
Dz—?0§=32+8u—4r—§0(8+3u—r)=2833#>0
we have the following cases:
e yu=0. Then r < 7.
e v =1. Then r < 4.

e yu=2. Thenr <1.

TABLE 1

U 0 1 2

r|D* g D*/g|D* g D?/g|D*> g D?[g
032 8 4 40 11 3.64 | 48 14 3.483
1128 7 4 36 10 3.6 |44 13 3.38
2124 6 4 32 9 356 |40 12 3.33
3120 5 4 28 8 3.5 |36 11 3.27
4116 4 4 24 7 343 | 32 10 3.2
5112 3 4 20 6 333 (28 9 3.111

2) B=1.Thene=0+u+2=6+u and so D? = 32 + 8u — 4r,g =
8 4+ 3u — r,r being the number of singular points. Thus we have the same
result as above. Needless to say , in the case when B = 2, the same result
is obtained.

3) The type is plane type such that [e;2"].

Then D? =¢e? —4r,g = @ — r,r being the number of singular points.
Thus, 49 — D? = e(e — 6).

In particular,if e = 6 then 4g — D? = 0.

If e =7 then 7 = e > 3vy. Hence,iy = 2. Therefore, pairs of the type
[7;27] have the following invariants: D? =49 — 4r, g =14 — 1.

Hence, 4G — D? = e(e — 6) = 7.

Moreover,

Ey D 2r — 7.
3 3

Hence, if 13—0§ —D? <0 thenr < 3.
Theorem 1. Suppose that o > 4 or e > 6. Then

D? < 4g.




186 SHIGERU IITAKA GAKUSHUIN UNIVERSITY

Mortreover,
10
D?*< g
=73 g
except for the following cases.
(1) The types are [4 % (6 + u); 2"]* where r + 3u < 8.

(2) The types are [6;2"] where r < 8.
(3) The types are [7;2"] where r < 3.

9. ESTIMATE OF Z2

Supposing that ¢ > 4 or e > 6, we get Z2 > @g or 72 > Ae=d)g

€
Ifo=4o0re=6then A=2?—-g=0.
If025,thenZzzg§.
Moreover, if e > 7 , then Z% > %y. Furthermore, if ¢ > 8 , then Z2 > %y.

TABLE 2

u 0 1 2

r|Z* g Z?/g|Z* g Z%/g|Z* § Z%/g
0| 8 8 1 12 11 1.09 (16 14 1.143
17 7 1 11 10 1.1 15 13 1.154
21 6 6 1 10 9 1.11 |14 12 1.17
315 5 1 9 8 1.13 | 13 11 1.19
41 4 4 1 8 7 1143112 10 1.2
51 3 3 1 7 6 1.17 |11 9 1.22
6| 2 2 1 6 5 1.2 10 8 1.25

Theorem 2. Suppose that ¢ > 4 or e > 6. Then
A=22-g5>0.

Z?> -3

U] O

except for the following cases.

(1) The types are [4 % (6 + u); 2"]* where r + 2u < 8.
(2) The types are [6;2"] where r < 8.
(3) The types are [7;2"] where r < 3.

Note that the point under the line y = = corresponds to the nonsigular
quintic which has the invariant Z? = 4,genus = 6:

10. GRAPH OF (« ,w)

Under the assumption ¢ > 4 or e > 6, we have
o D? < 207

o D? < 2—§
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Grash of (zenus and I'2), where 3

F{)= k-1

F(K= Bt 1)/5

- - - -]
- N-E-E--]
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L R B B o s )
OO O O OO O O
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\ .
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FIGURE 2. Z? and genus

Thus
2 -6
w=37-D?>35- ——g="2
o—2 o—2
From o = w47 , it follows that
-6
> Z — (a — w).
Hence,
o—6
> . 38
R R (38)
Similarly, we obtain
e—9
> .
Y= 9 —12¢ (39)
Suppose that o > 7 or e > 10. Then
> > 2
w or w> —.
- -8

If e = 9 then the type is [9;1] or [9;2"T!]. In the latter case, the type is
rewritten as [7 * 9;27].

It is easy to compute the invariants:
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g=2T—(r+1)>0,w=r+1,a=27.

Then

rel 1 2 3 1
27 272721 9

If the plane type is [e; 3'3,2%2], then

e(e—3) e(e—9
2

w
(87

—3t3—t220,w:

g= )+t2,a:e(e—6)—3t3.
Thus for e=10, we get
g=35—3t3 —t9 > 0,w =95+ 1,0 = 40 — —313.

Hence, 6w — a < 0 implies that 2, + t3 < 13—0.

TABLE 3
ta| 0 O 0 1 1 1 2 2 2 3 3 3
t3|lw a wa|lw a wal|lw a wa|lw a wla
0|5 40 01256 40 0.15 |7 40 0.175|8 40 0.2
115 37 0135|6 37 0.162|7 37 0.189|8 37 0.216
215 34 014716 34 01767 34 0.206 |8 34 0.235
315 31 016116 31 01947 31 0.226 |8 31 0.258
415 28 01796 28 0.214|7 28 0.25 |8 28 0.286

Thus we obtain the following result:

Theorem 3. If o > 7, then & > % except for the cases when 1) the type is
[9;1] or 2) [9;2" Y] where » < 3 or 8) [10;3!2,2%2], where 2ty +t3 < 3.



